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“The possible behavior of turbulence is much too complex and varied for a
single parametrization to work in a broad range of situations. In our present
state of understanding, these simple models will be based, in part, on good
physics, in part, on bad physics, and in part, on shameless phenomenology.
This is basically engineering.”

J.L. Lumley,
in “Some comments on turbulence”,

Phys. Fluids A 4,203 (1992).






Preface

The availability of a turbulence model for gravitationally induced mixing in-
stabilities that would be considered both “relevant” and “usable” by engineers
has been and still is an important long-term goal at the DAM. The present
work is just a first step in this endeavour, focused on defining a strategy and
providing explicit meanings to the “relevance” and “usability” demands.

This work was started in mid 1997, at that time in the form of a few
laboratory notes (Sects. 2.1, 3.1 and 7.2) for private use in an applications
oriented study with a strong engineering emphasis. Originally, no new model-
ing developments were planned and a gravitationally driven mix—turbulence
model was to be selected and adapted from the literature.

However, by mid 2000 a substantial amount of material (sometimes origi-
nal or fundamental) had been gathered to support the development of a com-
pletely new model. The first version of the present report collected the notes
accumulated during this time (hence his somewhat unusual format and con-
tent), and was published (in French) as an internal report in order to provide
(hopefully) a convincing justification for starting this new model development.
Moreover, it was aimed at becoming a basic and consistent training or ref-
erence text for non-specialist engineers in this field at the DAM (where the
two-fluid flow “culture” is not very common).

In September 2001 an open version of the report was published (Report
CEA-R-5983), and part of it was summarized in a communication to the 8th
IWPCTM in December [54,55]. Despite the time elapsed since its first pub-
lication and its many other defects, O. Schilling and some of his co-workers
deemed it worth translating for use at Lawrence Livermore National Labora-
tory. The present version is adapted from this translation.

During the four years since the first publication, various elements have
appeared in the literature and in the course of our own work (often under
suggestions from other people) which cast new light on many parts of the
present report: most have retained their relevance but some are now obsolete
or even outright wrong. However, the report has not been updated except
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for part summaries, the new Sect. 9.3, and comments in footnotes; all these
changes are labelled by © (Update).

This work was long in the making. I therefore shall take first the op-
portunity to thank my supervisors, who expressed their support in various
ways for over two years: F. Olive, E. Van Renterghem, and J. Duday. On
a daily basis, I benefited from frequent, fertile, and crucial discussions on a
number of points with, among others, P. Mignon, B. Desjardins, F. Dufour,
X. Carlotti (dedicated reviewers of the manuscript), O. Simonin, A. Vallet,
D.L. Youngs at AWE, B. Rebourcet, D. Bouche, J.—M. Ghidaglia, L. Chodorge,
P.—H. Cournéde, M. Legrand, J.—F. Haas, G. Pittion—Rossilon, G. Fiorese,
C. Lion, and J—M. Favre. The study was initially conducted using a numeri-
cal approach with DAM’s k- model, for which J.—M. Pace and D. Souffland
provided all the necessary help. I am also especially grateful to O. Schilling
and his co-workers for their appreciation of this study, as well as all those at
LLNL involved with the (painful) translation work.

Most of the analytic calculations presented here (lengthy and tedious
though straightforward!), as well as most of the figures, were generated with
the Mathematica® symbolic calculation software. Figures 4.1, 5.1, 6.4, and
8.1 were drawn using the IslandDraw® graphic software. The final document
was composed using ETEX.

Bruyéres-le-Chatel Antoine Llor
April 2005
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1

Introduction

Many DAM applications involve phenomena of hydrodynamic mixing instabil-
ities at interfaces between different materials. Simulation codes must include
a suitable description of mixing dynamics in order to predict and reconstruct
experiments [1]. For the most part, these instabilities rapidly evolve to a de-
veloped turbulent regime that can be described by a statistical hydrodynamic
model. Choosing the correct model is crucial to the quality of a simulation.

The observed instabilities are combinations of three basic types: Kelvin—
Helmholtz (due to shear), Richtmyer—Meshkov (due to a shock wave crossing
an interface), and Rayleigh—Taylor (which occurs when the acceleration and
the density gradient are in opposite directions). One of the first published
statistical models that captured all these phenomena was a modification of
the k— model [2], the standard form of which has become a classic in single-
fluid hydro- and aerodynamic applications. As adapted to the specific needs
of the DAM about ten years ago, this modified k— model, here called “DAM’s
k—” model [3-6], has been the subject of applications and publications too
numerous to mention in the present report.

However, wide-ranging studies have revealed numerous inherent shortcom-
ings of DAM’s k—¢ model, as evidenced by difficulties not only in reconstructing
certain experiments, but even in maintaining consistency within a calculation
(due to non-physical divergences of certain quantities in the codes) [7]. At-
tempts to improve the simulation of mixing instabilities thus have focused
on refining the model or using other approaches, such as the k model [8-11],
modified k—¢ models [2,12-21], second-order models [13-17,22-28], multiscale
models [26], two-fluid or even multifluid models [22-25,29-38], “bubble” mod-
els [39-48|, phenomenological models [49-51], etc.

Because of this situation, studies for a new method of statistical model-
ing of mixing instabilities were undertaken at the DAM. However, starting
from a theoretical formulation, the estimated cost of evaluating, adjusting,
and validating a turbulent mixing model is too high to permit many “itera-
tions” on its definition, even if the model was chosen “off-the-shelf” from the
myriad of publications. The aim of the present report is to provide the basic

A. Llor: Statistical Hydrodynamic Models for Developed Mizing Instability Flows,
Lect. Notes Phys. 681, 1-4 (2005)
www.springerlink.com © Springer-Verlag Berlin Heidelberg 2005



2 1 Introduction

principles for establishing an effective strategy for choosing or developing a
model. These principles were progressively made explicit in the course of a
new model development [52,53].

The basic principles examined in the present report provide an answer to
two broad but stringent modeling requirements:

e A —to specify in a just sufficient manner the set of limiting cases for the
situations and physical quantities that a model must capture in order to
be acceptable for the generally expected applications, and

e B - to provide qualitative, but discriminating, diagnostic tools that enable
rapid evaluation of the usefulness and performance of a model for the
limiting cases at the earliest possible stage, preferably during theoretical
conceptualization.

Although these two points may seem general and thus trivial, they have
a specific relevance for statistical models of mixing flows, and deserve being
examined now in more detail.

Point A:in DAM applications, the turbulent mixing zones host many com-
plex, coupled physical phenomena. Under these conditions, it is impossible to
truly wvalidate a hydrodynamic model. Of course, a very global verification
of model performance may be achieved through some experiment reconstruc-
tions, but this is affected also by all other major parameters (equations of
state, source terms, numerical schemes, etc.). It is thus necessary to isolate
the influence of a model, using a set of ideal or canonical experiments specifi-
cally chosen to represent all the major hydrodynamic phenomena in an appli-
cation. According to the hypotheses used here, some of which are subjective,
a model can only be accepted if it simultaneously captures (with, of course,
a single set of “universal” coefficients) the following aspects, which represent
the “specification sheet”:

1. The classic elementary phenomenology of developed incompressible
single-fluid turbulence (relaxation, Reynolds stresses, turbulent diffu-
sion, etc.).

2. The effects of shockless (isentropic) compressions.

3. The growth and energy balance of Kelvin—-Helmholtz, Rayleigh—
Taylor, and Richtmyer—Meshkov mixing zones in a developed self-
similar regime between fluids of any types (as discussed in Sects. 4.2
and 4.3 in the limit of zero Atwood number).

4. The growth and energy balance of Rayleigh—Taylor mixing zones with
self-similar acceleration as t™ in a developed regime for —1 < n < oo
between fluids of any types (discussed in Sects. 5.3 and 6.2 in the limit
of zero Atwood number).

1@ Extension of these so called SSVARTS to n < —2 was found possible [54,55]
and introduces new and important constraints on models, as discussed in Sect. 9.3.
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5. The interaction of shock waves with turbulence and heterogeneous
mixtures of fluids (discussed in Chap. 8).

6. The effects of mixing at various scales, especially at the atomic scale
for miscible fluids (examined in Chap. 9).

7. The transition between laminar and turbulent regimes.

The first two items have been thoroughly investigated, primarily in aerody-
namic applications, and there is no real need to revisit them here: k—c models
and their derivatives have proven dependable in these areas. Items 3 through
7, however, are more problematic, and none of the published models appears
to fully satisfy these specifications. Only items 3 through 6 will be exam-
ined in this report, because item 7 pertains to the statistical nature of the
models independently of their details, and has been the subject of numerous
contributions (see, for example, [56] and the publications cited therein).

All these points have been raised and discussed separately in various pub-
lications, except item 4, which was added because of the specific needs of the
DawM. In the applications to be studied, Rayleigh—Taylor instabilities can have
any acceleration profile, even an erratic one, and it is virtually impossible to
analyze a model under these conditions (even a “simple” model like the k—).
It is therefore very useful to check a model behavior on a family of profiles
that provides a function-decomposition basis and whose self-similarity almost
always yields quick analytical results. However, it must be noted that there are
yet no experimental data or numerical simulations for accelerations varying
as t" where n # 0.2

Point B: A qualitative method of model evaluation must be adapted to
the desired refinement level of the phenomenology. Here, because the aim
is to obtain a global estimate of growth and energy balance for the mixing
zone, we shall consider a “0D” type of approach: for the various quantities of
interest, only the mean values over the mizing zone will be considered, which
makes it possible, by means of a few approximations, to simplify the partial
differential equations to ordinary differential equations. The approximation
procedure is greatly simplified in the limiting case of identical fluids (zero
Atwood number), and the present study will consider this particular case only,
described in Sect. 4.4, keeping in mind that an extension to asymmetric cases
is possible.? The self-similar behavior of the flows under consideration leads to
an additional simplification from ordinary differential equations to algebraic

2 © Preliminary results from numerical simulations of SSVARTSs at n = —1 and
1 are now available [57].

3 In previously published works, the implicit strategy is to verify that the model
correctly reconstructs the RM and RT instabilities (usually for n = 0 only) over the
entire range of Atwood numbers from 0 to 1. However, it was recently noted [38] that
for reasons not entirely understood, this condition is not very restrictive, and most
models show a suitable behavior with regard to variations of the Atwood number.
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equations, which can be solved at least numerically and at best analytically
(manually or using symbolic calculation programs).

Before proposing a new model, it was necessary to verify the relevance
of the “OD” approach to validation. The two major classes of models in the
literature are single-fluid and two-fluid. Each has important repercussions and
is very different with regard to the structure and complexity of the numerical
schemes and calculation codes. We have thus illustrated here the potential of
the “OD” approach by showing, along the specification criteria outlined above,
its effectiveness in the assessment of two models representing these respective
classes:

DaM’s k—e model [5,6], and

AwE’s two-fluid model developed by D.L. Youngs at the AWE in the United
Kingdom [33], which appears to provide one of the best compromises be-
tween simplicity and reliability, according to published results.

The theoretical framework for these models is reviewed in Chaps. 2 and 3, us-
ing notations that facilitate comparison, and their “OD” analysis is presented
in Chaps. 5 and 6. Incidentally, the time saving provided by the “OD” ap-
proach is worth noting: using the reduction procedure described in Sect. 4.4
on models of equivalent complexity, the evaluation time for items 3 and 4 of
the specification list can be reduced to a few engineer-weeks.

In Chap. 7, a critical comparison of DAM’s k— and AWE’s two-fluid mod-
els shows the reasons for favoring the two-fluid approach. This is followed
by an evaluation of models of intermediate complexity, including “two-fluid”
closures of the k— model, extended single-fluid models, and degenerate two-
fluid models. Chapters 8 and 9 treat specification items 5 and 6, respectively.
They provide general reflections, rather than evaluation tools like the “0D”
approach, primarily because of the nature of the subjects, but also because
of the lack of experimental, numerical or analytical reference data. They are,
however, sufficient, for defining and justifying modeling strategies, even if sup-
plementary studies will be needed to make some closures explicit. On these
points, the single- and two-fluid approaches appear essentially equivalent, with
a slight advantage for the latter.

The conclusion summarizes all the findings and shows how they influence
the ongoing development of a new two-fluid model at the DAM in collaboration
with various other laboratories.

This supports the present choice of focusing on the behavior as a function of n,
leaving open the effect of Atwood number for later investigation.
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Single-Fluid Approach: Example
of DAM’s k—e Model

2.1 Single-Fluid Statistical Equations

The statistical equations for the turbulent flow of an incompressible fluid are
found in the literature [58], but they are adapted here to the specific needs of
mixing flows, using more compact notations detailed in A.

We assume that the medium is a mixture of two components, indexed +
and —, that are dispersed on either microscopic scales (when the two fluids
are miscible) or mesoscopic scales (i.e., intermediate between the macroscopic
and microscopic scales associated with the overall flow and the particle mean
free paths). In the hydrodynamic limit, the velocity at a given point, u, is the
velocity of the center of mass of the fluids at that point, while the interdiffusion
flux, ¢*, takes into account the additional transport of the fluid components
at the microscopic scale.

We have the mass conservation equations of the two species, and in the
single-fluid approach, we also consider the momentum and total energy con-
servation equations. With the notations in A, these equations are written as:

+
Lot )+ (et wy); = —(6)),
a%( ou; )+ (1 oup  wy); = — (p),i - (Tij),j + 09
G0 of )+ ( of wy= = (puy) ;= (rijui) ; —(6;) ; + s+ouigs
G oe )+ (oo wy)y = —puy)y—Tii(u); —(0;);+ s
i (ouiuife) + ((ouiuife) ug) ; = — (p) ;ui— (7ij) jus + ouigi
(2.1)
where the balance of the internal and kinetic energy components is detailed in
the last two equations. Since ¢t + ¢~ = 0, the sum of the mass conservation
equations gives the total mass conservation:
S0+ (eu;);=0. (2.2)

A. Llor: Statistical Hydrodynamic Models for Developed Mixing Instability Flows,
Lect. Notes Phys. 681, 7-15 (2005)
www.springerlink.com © Springer-Verlag Berlin Heidelberg 2005
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+

)

Most models and codes use this equation and one of the two equations in ¢
rather than the equivalent symmetric formulation in ¢ and ¢~. Hereinafter
we shall retain the three equations in order to be consistent with the two-fluid
approach presented in Chap. 3.

Because a full description of the flow cannot be obtained, neither analyt-
ically nor numerically, we shall settle for a more or less detailed statistical
description of the system. The simplest description consists in deriving the
ensemble mean of the equations, also known as the Reynolds average, with
all the biases that are introduced therewith, in particular the non-equivalence
with temporal or spatial means, the loss of information on fluctuations about
means, the indirect comparison with the experiments, etc [59]. Denoting the
Reynolds average with an overbar, we thus obtain:

502 )+ ( o );=0

Foct )+ ( oty )y = —(9)),

SCom )+ ( owmw )y =— B, — (), + g

FCof )+ ( ofwy ), = —(p95) ; — (Tw) ; — (0;), +5+0wig;

o )+ ( vy )y = —pluy);—m(u),; — )+ 3

& (ouiuifo) + ((ouiwifo)ug) j = — (), ui — (735) s + W?i |
2.3

A key problem in the description of turbulence, and which is rarely dis-
cussed in classical textbooks [58], is that of the effective fluid and the mean
velocity. Although the mean equations in (2.3) are not hydrodynamic equations
like (2.1), they can be interpreted, at the price of some accommodations, as
equations of an “effective fluid” having a “mean velocity.” This velocity is de-
fined in the general case as the mean advection of the material:

ou; =0Uj, (2.4)
U’J’ = Uj — Uj . (25)

where U is the so-called “Favre” mean of u, and w” is the Favre fluctua-
tion [58]. It can be shown [58] that there is no mean more suited to de-
fine a characteristic velocity of a “mean fluid.!” For interpreting experiments,
however, corrections must be made to this velocity, which is not rigorously
measured. Besides, the Favre average definition is such that a mean quantity
contains the correlations between its fluctuations and the density fluctuations.

1 © More specifically, U captures all the mass averaged transport, whatever its
cause or nature (for instance, random or not). Alternatively, one could choose U to
capture all the averaged transport of any other predefined quantity, for instance ug,
e, etc. This would be at the expense of an additionnal turbulent flux in the mass
conservation equation but also of inconsistencies in the constitutive laws of the
effective fluid (per mass momentum would differ from the retained average velocity,
thermodynamic invariance could be lost, etc.).



2.1 Single-Fluid Statistical Equations 9

As will be elaborated later, this aspect is fundamental in the case of flows with
mixing between fluids of different densities.

The equations of mean motion are then rewritten using U in all advection
terms and adding corrective terms. We thus obtain:

Z(e)+ (2 U),; =0

% () + (e Up)y = = (8] ~ (o)
5 @U) + @UiUj),; = — (b)), — (7)), + o9 - (guiu’f),;
Z(ef) + (ef Uj)y = —(0w),; — (T5uw) ; — (0;).; +5+eUigi — (efuj)

6)

Introducing the Favre fluctuations of the concentration and of the total

energy:
= — 0F/a,

9 7 /)= 9 9 (27)
ff=f—offe=¢ +uPh — ousy,
the fluxes due to turbulent advections become:
octu] = oct U] mean turbulent concentration flux,
ouu] = puju; = T;; mean Reynolds stress tensor, (2.8)
ofuj = of"uj mean turbulent flux of total energy.

The evolution equations of these correlations can be obtained fairly easily [58],
but they will not be considered here, since this report is primarily concerned
with first-order models.

The “mean fluid” is distinguished from a real fluid by the contribution
of a turbulent kinetic energy k = u”?/ in addition to the mean kinetic and
internal energies. Thus the total kinetic energy is expressed as a function of
the mean velocity as:

ou?fy = 0U%h + ok , (2.92)
k’ = 11,772/2 = Tii/QQ , (29b)

and the total energy fluctuation is written as:
="+ +u.U. (2.10)

The energy balance, as detailed by the complementary equations in (2.3),
must therefore be rederived to complete (2.6). It is obtained by subtracting
the mean kinetic energy equation deduced from the mean momentum equation
in (2.6):
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[ Mean Favre i
quantities advections
(2@ )+ e Uy,
S0 ok )+ ok Uy,
51 (@U:Ui o) +((UsUi 2)Uj) 4
| & of )+ of Ujy
B Mean motion ]
Sound and RT Dissipations Sources
|- @) -, — )+ 8
- P, w . . .
- .U —(ﬁj),jUz‘ .+ oUig (2.11)
|- @m),; —(75Ui) ; = (6).5 +5+2Uigi |
[ Turbulent motion i
Noise Pressure  Dissipation Turbulent fluxes Production
— 9 (u}) i - )y = (ee"ud)
T+ - (P)  —(rg) jui— (7)) 5 — 755U,
o ~(75) ; Ui
i - (ﬁ’z?) p - (W)] - (m)j ]

Partial versions of this balance are given in [58] and [60]. The pressure was
decomposed into mean and fluctuating components because the mean mo-
mentum equation in (2.6) contains only the mean pressure, while the pressure
fluctuation terms are associated with various phenomena which require spe-
cific modeling approaches as shown in B. The names of the various terms
in (2.11) are readily descriptive, except for “Sound and RT,” which will be
discussed in Sect. 7.2.

All the statistical equations presented so far have not been subjected to
any approximation and are valid regardless of the nature and properties of
the described fluctuating fields: velocity or other, values of the characteristic
numbers (Reynolds number, in particular), etc. These equations alone cannot
be used to calculate the motion. The complementary terms introduced by the
Reynolds average must be provided by closures and models, through either
algebraic or evolution equations, that in most cases are specifically adapted
to a particular type of flow.
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2.2 An Elementary Single-Fluid Closure:
The Incompressible k— Model

It would be impossible here to discuss at length the various types of models of
the complementary terms in (2.6) and (2.11). Such discussions may be found
in general texts [61-63], or in [3-6,8-11,64-68] for flows and codes used by the
Dawm. However, the major steps of the simplest closures (mostly algebraic),
which form the basis of the k¢ model used in the DAM codes [3-6, 64, 65],
will be summarized here in order to show both the reasons for the difficulties
that have been encountered in applications, and the potential advantages of
the two-fluid approach.?

The k— model was first developed to describe an incompressible homoge-
neous fluid according to the 8 steps described below [62,69-76]:

1. The fluid being homogeneous and incompressible, the Favre average is
identical to the Reynolds average: (u}); = 0 and u} = 0. Thus in (2.11)
we can cancel the terms “Noise” and “Sound and RT” in the equations of
the internal and turbulent kinetic energies.

2. We assume a flow with developed turbulence in spectral quasi-equilibrium
[59,77]. In other words, the process of turbulent energy transfer by the
nonlinearities of the Navier—Stokes equation, from the large scales of pro-
duction by the mean flow to the small scales of dissipation where viscosity
phenomena are no longer negligible, is in a quasi-steady state and extends
over a range of scales that is sufficiently broad to create a Kolmogorov
inertial cascade. This requires not only a high Reynolds number, but also
the absence of transient phenomena such as a transition to turbulence,
a singular point in the flow, etc. Therefore, we can disregard the terms
in (2.11) labeled “Dissipations by mean motion,” as well as the turbulent
kinetic energy flux 7;;uj contained in the dissipation term.

3. We apply a closure, here called “Boussinesq-Reynolds,?” to the turbulent
fluxes (2.8) [61, §4.7]. This simple approach is based on the analogy, for
mesoscopic scales, with the first gradient closures of statistical thermody-
namics:

oau} =pa'u; = —p Dy (@) ; , (2.12)
(we use the Reynolds fluctuations of the various quantities here because
the fluid is incompressible and homogeneous). The diffusion coefficient
Dy is then expressed in terms of the mean quantities of the flow (zero
equation models) or using the kinetic turbulent energy (models with one
or more equations) and is assumed to be scalar in simple models:

D¢ = 7CM )\1\/% . 2.13
t
Oa

2 The models developed at the DAM as precursors to the current k- model are
reviewed in [66,67].

3 Depending on the source, this closure is also called “in first gradients,”’
“Reynolds analogy,” or “Boussinesq.”
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A; is the integral length scale of turbulence, which represents the mean
free path due to turbulent advection, and the dimensionless constants o,
are the turbulent Schmidt—Prandtl numbers associated with the various
quantities a (knowing that ¢, = 1 from the definition of C,,). A; has then
to be given in terms of the mean values of the flow (one-equation models)
or in terms of supplementary turbulent quantities as in the case of the k—
model (models with two or more equations). The Boussinesq—Reynolds
closure is only acceptable if the gradient scale of @ is larger than the
integral length scale, which requires the introduction of limiters [61, §4.6]
or more complicated formulations (for example, nonlinear) if this so-called
realizability condition is not met.

In the case of the Reynolds tensor, for which a = wu;, the Boussinesq—
Reynolds closure (2.12) is applied to its deviator portion using the sym-
metrized strain-rate tensor:

u;u; = 2/3%(51']‘ — CM Az\/i[(Ul)J—‘r(U])ﬂ] . (214)

. The term of turbulent kinetic energy diffusion due to the pressure—

%

velocity-fluctuation correlations, p/uj = pTL; in (2.11), is also modeled by
a Boussinesq—Reynolds closure [61, §6.3]. Regrouping with the turbulent
flux of k, we obtain an effective coefficient o}, which encompasses the set
of diffusive turbulent effects.

We introduce the characteristic quantity £ of the dissipation (or transfer)
of large turbulent structures [59]. This makes it possible to define the
integral length scale of turbulence as:

N=F")z. (2.15)

This is possible because of the spectral quasi-equilibrium mentioned in
item 2, by means of which the larger portion of the turbulent kinetic
energy is concentrated at large scales. Furthermore, according to this as-
sumption, we can identify € with the dissipation into internal energy in
(2.11) —7i;(ui) /2.

An equation for the evolution of £ is constructed, partly by analysis of the
statistical equation of 7;;(u) ; [69-76], but mainly by analogy with the
modeled equation of k [61, §7], [77,78]. Indeed, dissipation is created and
destroyed in parallel with turbulence, and each production and dissipation
term in the equation of k is thus “mirrored” into a term in the equation
of by applying a factor C.z/k.

The various constants of the model (turbulent viscosity constant C,,
Schmidt—Prandtl numbers o, and mirror coefficients of the € equation
C.) are adjusted on canonical experiments (dissipation and shear of grid
turbulence, turbulent boundary layer, etc.) or are constrained by consis-
tency conditions (equality of the supports of k and Z, etc.) [62]. These are
compiled in Table 2.1 in Sect. 2.3.
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Because the equations in k and Z are homogeneous, these quantities must
be given non-zero initial values for at least one point so that the model can
develop turbulence. The transition from laminar to turbulent in unsteady
flows must be represented by a special procedure which is thus external to
the k— model. Similarly, specific boundary conditions must be given at the
surfaces of solid bodies, but this aspect will not be discussed here, because
DaMm applications usually involve free flows.

2.3 An Extension to Variable Densities:
DaM’s k— Model

Among the elementary models of incompressible turbulence, the k—= model
is popular in engineering applications because of its simplicity, robustness,
and efficiency in situations of quasi-isotropy and spectral quasi-equilibrium.
However, the extension of this model for compressible or heterogeneous flows
remains controversial because it involves complementary terms having more
complicated closures [2,12,60,63,79,80]. The version usually implemented in
DaM codes is obtained by correcting and adding steps to the ones described
above in Sect. 2.2 [3-6,64,65]:

9. Because of the particular behavior of turbulent acoustic modes, the “Noise”
terms can be disregarded in DAM applications, as is discussed in B. Except
for the diffusion term p’u; closed in paragraph 5 above, only the mean
pressure p is retained in the set of equations.

10. The Boussinesq—Reynolds closure is extended to the compressible case as
follows:*

oau] = ga’u} = pa'u] = —pD{ (@), where: a=7pa/o, (2.16)
and where k and Z are replaced by k and £ in the expressions for Df and
A; in (2.13) and (2.15). In the homogeneous incompressible case, (2.12)
and (2.16) are identical.

11. The “Sound and RT” term in the equation for & in (2.11), which is tradi-
tionally called the “Rayleigh—Taylor production” or “enthalpic production”
term, and denoted here as mrp, is closed by a Boussinesq—Reynolds type
method (2.16) applied to the turbulent mass flux, u}:

= L — C,. K (9).i(0).

Trr = —(p)iu; = —(D).ovu] = ——* — M . (2.17)
o, € 0

Some authors [2-6,8-21] attribute to this term the production of turbu-

lent kinetic energy during a Rayleigh—Taylor mixing instability, for which

4 For the Reynolds tensor, only the traceless symmetrized portion is involved, as
in (2.14).
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12.

13.

14.

15.

16.

2 Single-Fluid Approach: Example of DaM’s k—= Model

(p).i(2).; < 0. Because the destruction of k is too strong in the case of
demixing (with the possibility of non-dissipative destruction), wgr is can-
celed if (p);(2); > 0. Finally, a limiter is applied to the closure of the
turbulent mass flux if the length of the density gradient is smaller than
the integral length scale; this improvement is even more important for the
“Rayleigh—Taylor term” than for turbulent fluxes, because it is an energy
production term. The currently recommended limitation is:

5,7
2 ), Qu
3 i 2 J

|w| < (2.18)

where the Reynolds tensor closure has already been limited and m is the
unit vector in the w” direction.

The “Sound and RT” term in the equation of € in (2.11) is decomposed by
comparing it with the associated terms in the equations of mean kinetic

energy and turbulent energy to obtain the term 7rp:
~ (@), = —p(Us) i — (pui) s — 7R - (2.19)

Here mgy is also modeled as in (2.17) to ensure the conservation of en-
ergy, while the flux pu} is simply disregarded. This latter approximation
is justified for a first-gradient closure with adiabatic corrections (see E),
but is not used in certain cases, where u] is then closed as in (2.17).

By extending the heuristic derivation method of the above-mentioned
equation of €, a mirror term of “Rayleigh—Taylor production” is introduced
into this equation with a coefficient of C.o&/ k.

For a better reconstruction of the effects of rapid compressions (shocks),
the mirror term of production by the Reynolds tensor is sometimes sep-
arated into pure shear and pure compression, associated with different
coefficients C.1 and C.3.

The physical and numerical treatment of shocks is realized by adding to
the pressure an artificial viscosity stress (often isotropic) in all the equa-
tions (except the equation of state, of course). The artificial viscosity is
calculated using classical Von Neumann—Richtmyer formulas [81] applied
to the gradient of the Favre averaged velocity.

The supplementary coefficients of the model (o,, C.o, and possibly C.3)
are adjusted to capture shock tube experiments. The set of coefficients for
the model is summarized in Table 2.1:

To summarize, the equations of DAM’s k— model are [5, 6]:

Table 2.1. Recommended constants for DaM’s k- model [68]

Incompressible Compressible

Cu Oc Oe Ok Oc Cea Ca Op Ceo Ces
.09 7 9 1.0 1.3 1.9 1.47 2.0 .85 .0
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(2 )+ Uy, =0,
(@) +EctUy) 5 = — (@555,
5 (@Ui)+(@U; Uj) ;. = — (Rij) 5 — (B) +29i »
(08 )+(0¢ Uy); 2 — (@) ; —DUi) i — Trr +0E+5,  (2.20)
ok )+( ok Uy); = = (@) + mcn + 7rr — 0F
(08 ) +( 22 Uj); = —(95),; + Csl%WKH + Ceo % TRT
—052922 — C38(Us) i s
where the turbulent fluxes are closed by:
5z 39 @, (2212
w2k _ K
Rij =25 01 =00, — [(Ui) g+ (U;).i—%3(Uk) 1035 ] (2.21b)
mRrr is given in (2.17), and:
ke = —Ri; (Us) ;- (2.22)

As in the incompressible case above on p. 13, these equations are homogeneous
and cannot spontaneously cause the transition to a turbulent flow starting
from a laminar situation where k and & are zero. For mixing flows, a mixing
zone where k and £ differ from zero must be explicitly defined at the initial
state of the calculation [56,64,65].

The incompressible k—& model [69-76] has acquired some status as a uni-
versal model:® the limitations are known and the constants were established
many years ago, with variations of the order of +£15% and £5% for o and Ck,
respectively, depending on the authors and the particular flows under consid-
eration [61,62]. The robustness and simplicity of this model have made it a
preferred tool for fluid mechanics engineers. However, it is nowhere near that
status in its compressible form, because numerous points give rise to physical
inconsistencies: the values of the constants in the compressible extension, the
extension of Boussinesq-Reynolds closures, the application to mixing flows,
and the consideration of shocks. These aspects will be illustrated in Chap. 5
using as example the restitution of the Rayleigh—Taylor instability and will
be analyzed more generally in Chap. 7.

5 @ Actually, the k¢ model is not exactly “universal” in the physical sense,
and it is regarded as limited in the academic community. Yet, it does enjoy a very
high status in engineering, well beyond applications to simple shear boundary layers,
because it provides reasonable qualitative results for low cost and complexity, and
above all, with excellent robustness. Furthermore, a vast majority of sophisticated
models do embed some form of k— as a limiting case.
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Two-Fluid Approach: Example
of AWE’s Model

3.1 Two-Fluid Statistical Equations

Two-fluid descriptions often use explicitly separate treatments for the con-
servation equations in each fluid, along with expressions for exchange terms
that can become complicated [82-86]. We will re-examine the conservation
equations (2.1) for a single global fluid with variable properties depending on
the position: equation of state, constitutive laws, thermodynamic variables,
etc. The various quantities will thus reflect variations due to both flow and
composition of the fluid, and the properties of individual fluid components
will be selected by taking the product with the local mass fractions ¢ and
¢~ =1—ct. All possible mixing cases can be treated within this formalism
(immiscible fluids, molecular interdiffusions, surface tensions, etc.) and, un-
der various closure assumptions, lead to the usual models (such as reviewed
in [83-86], for example).
We note that the mean mass fraction (Favre average) is:

C* =ct=cto/o. (3.1)

In addition, in the case where the two fluids are not miscible, the ¢* are indi-
cator functions of the fluids. Thus we can express the mean volume fractions'
and densities of the fluids as:

at =t (3.2a)

ot =cFo/ct . (3.2h)

From these we deduce the expression for the local Atwood number:

! According to (3.2b), the a® should be more appropriately designated as “pres-
ence probabilities,” but in the limit of homogeneous flows they coincide with mean
volume fractions. Common usage in publications on two-fluid flow models is to retain
the latter terminology, whatever the averaging process.

A. Llor: Statistical Hydrodynamic Models for Developed Mixing Instability Flows,
Lect. Notes Phys. 681, 17-28 (2005)
www.springerlink.com © Springer-Verlag Berlin Heidelberg 2005
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+ -
o —0
A=——. 3.3
ot +o (3:3)
Analogously, the mean value of any per mass quantity a (such as internal
energy) for each fluid will be given by:

A* = cFpa/cty . (3.4)

We extend all these definitions to the case of miscible fluids. Thus (3.3) cor-
rectly provides a zero Atwood number in the limit of a molecular mixture, for
which all the correlations with ¢* disappear, cta/ct = c—a/c=.2
Multiplying equations (2.1) by ¢, we obtain the non-averaged two-fluid
equations:?

= —~
S T
. S S Q S IaCH
§ L5 3 4, 5 83
S < H = A F T
ot § e oo LS
© ;S/ wn —  Q —Hﬁﬁ
_|.| ~—
Q
+ I+ + 1+
S th /—? Qé\
RS -
S~
_H
-Hu +|U O +IL>
~_ N~ ~—
I+ I+
. ) < S 5
e R 2 3
S e Sk S —~ &
[N - BEREEN
-+ -H SN g’ =~
RS -I-Iu +H H H A
-2 L N TN
o+ + \ l +
- D ‘e~ = )
- w8 3 = 3 3
= D Sy ) 3 SH
H & N 3 3 —~ s
N T T A
= & = =
| o+ + \ l +
(I | I Il
- = - - -
2 2 2 2
S 3 S 3 S
<5 = 8] .§C\1
> g St S 3
<
H o H H +H +H
O Q Q O Q
S~— S~— S~— S~— S~—
+ + o+ - -
S 3
Ny ) D[l
g S S
<
H  H +H +H +H
O Q Q Q Q
~—" N~— ~— ~— ~—

SIS S NS S




3.1 Two-Fluid Statistical Equations 19

In the right hand sides, we have included terms in (ci)’ ;» which represent
exchanges between fluids, because (c*) ; + (¢7) ; = 0. For immiscible fluids,
the mass fractions ¢* can take values 0 or 1 only, and thus their gradients are
vectorial Dirac distribution sheets at the interfaces, which provide a descrip-
tion of the boundary conditions between the fluids.

As in Sect. 2.1, we take the Reynolds average and introduce the two mean
velocities, U*, which are defined by the mean advections of materials +

and —:
ctouj = ﬁUf , (3.6a)
ut =uj — Uji . (3.6b)

J

These velocities are naturally related to the Favre and Reynolds averaged
global material velocities U and V', respectively:

ou  oct pctu n oc™ oc~u

U=— — — ——— = C'Ut+C U, (3.7a)
0 ¢ cfo 0 o
V=u=ctut+cu=a U +a U +ctut +cu . (3.7b)

Thus the expression for the Reynolds averaged velocity contains turbulent
mass flux terms for each fluid that are analogous to the single-fluid turbulent
mass flux w”. These relations can be inverted to express U as a function of
U or V, and of the so-called drift or interpenetration velocity U = UT—U ~:

+_JUXCFU,
ur= {V:I:ofF U — ctut —cu— . (3.8)

The equations of mean motion are then rewritten using only U* to express
the advection terms and introducing complementary corrective terms:

2 Tt is also possible within this formalism to capture the contribution of an
interfacial mixing zone at the microscopic scale by considering the second moments
of the functions ¢*; the “pure” portions of the fluids are given by the products with
¢ and ¢72, and the interface is given by 2¢™¢™, (we have of course ¢t2 +2c¢t¢™ +
c2=1).

3 These equations take into account the deduced relation of mass conservation
for any per mass quantity a:

(8 (cea) + (Foaus) ) —c* (& (00) + (o) ;) = (e* + (¢*) ) oo
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where the mean per volume total energy of each fluid is expressed as:

ctof = cFoe + cEoulh = ctoe + cFo(UF) % + cEo(u®)2y . (3.10)
Thus we obtain the Reynolds tensors for each fluid:

rij; = Quiiuf , (3.11)
whose evolution equation, which will not be discussed here, can be obtained
as in the single-fluid case. We note that even after weighting with the vol-
ume fractions and after averaging, the Reynolds tensors for each ﬂuid do not
identify with the single-fluid Reynolds tensors: = ouju? ouiu; # ctouFut gu uj The rela-
tionship between these quantities will be discussed in more detail in Sect. 7.3.
The total kinetic and turbulent energies can be expressed as a function of
their single-fluid analogs and of the drift velocity 0U:

cto(UNh+coU ) h=0U%+CTC™5(5U)*h , (3.12a)
cto(ut)2h+co(u )2k =0 )2 —CTC 56U . (3.12b)

Between the single-fluid and two-fluid approaches, we thus see the transfer of
a portion of the turbulent energy in favor of kinetic energy. We will call this
term the directed per mass kinetic energy, kg, the remainder being called the
two-fluid turbulent kinetic energy, ky:

kd=C+O_ (6U)2/2 s T
kp=ct(u®)?h +c” (u)%} = k="hy+kq. (3.13)

As in (2.11), we balance the energies for each fluid:
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Here, as for (2.11), the pressure was decomposed into mean and fluctuation,
but in addition, the latter was itself separated into fluctuations between the
fluids (so-called “anisobary” terms, or pressure difference terms at the inter-
face, cEp’) and within each fluid (so-called “noise” terms (ctp')).

The interface terms represent energy exchanges between fluids and between
reservoirs (internal, turbulent, or kinetic). We can separate the various con-
tributions in a natural manner, because the terms (ci)’ ; and (¢ji)J, with
opposite signs for the two fluids, are significant only in the vicinity of the in-
terface, where the relevant mean velocities are (U;"+U;”)/2 and (U;'=U;)/2.
Noting the identity:

= 4= 4 .=
u tu; o ul—u; u; +u; _ o6U;
ul = R e N (3.15)

the drag terms in (3.14) are decomposed into exchanges between fluids and
turbulent dissipations:

r Drag .

Exchanges between fluids Turbulent dissipations

(c*); (0'dij+mij) (wf+ui)o F () ; (0'0i+7i;) 0Uife | - (3.16)
(c®) ; W03 +75) (U +UT o % (cF) 5 (0'055+755) 8Ui o
(c®) ; (p'dij+7i5) wi

We see that the momentum exchange between fluids, which is related to the
drag terms in (ci)7 j (p'd;j+7i;) is responsible not only for transfers of mean
kinetic energies and turbulent energies between fluids, but also for a conversion
of mean kinetic energies into turbulent energies. This latter represents the
dissipation mechanism of directed kinetic energy into turbulent energy.

3.2 An Elementary Two-Fluid Closure: AWE’s Model

In contrast to the single-fluid approach, where most two-equation turbulence
models are practically equivalent to the k— model, the two-fluid approach has
led to a wide variety of models, even for elementary situations [83-86]. The
model to be discussed here is that proposed by D.L. Youngs of the AWE for
the study of instabilities in laser targets [33]. The details of the approxima-
tions that lead to the closures have not been completely disclosed, so we shall
present what seems to be the probable course. The notation was adapted to
be consistent with the rest of the present study.

1. The fluids are assumed to be immiscible (and thus without interdiffusion)
and not heat-conducting:

cFZ0orl, with ¢=26020. (3.17)
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. The acoustic turbulent energies are negligible except in the presence of

shocks (low turbulent Mach number):
() (ui): = 0. (3.18)

The mean tensors of viscous stresses are negligible, except in the presence
of shocks (high turbulent Reynolds number):

CiTij = 0. (319)

To permit the expression of various correlations with the density, partic-
ularly for the variables of state of the fluids, the density fluctuations are
negligible in each fluid:

Flo—0F) 20, (3.20)

except when calculating the Reynolds averaged velocities (see next item).
The Reynolds averaged velocities (global and for each fluid) are obtained
by first-gradient closure of the turbulent mass fluxes for each fluid (with
no adiabatic corrections, see E):

+
- T —/T— m Q i
VE = cFu/cE = UL + ctuf /et 2 U+ Dt( g! : (3.21)

K2

where D, is the turbulent diffusion coefficient defined below in (3.33c).
This approach is analogous to that used in the single-fluid case for the
“Rayleigh-Taylor” production term in (2.17) and has some of the disad-
vantages discussed in Sect. 7.2. We deduce the expression for the overall
Reynolds averaged velocity:

Vi=atVT+a V-

+ . - .
= atU +a U7 + Dy <a+ (Qgﬁ)ﬂ +a” L )”> , (3.22)
0

which thus contains a complementary diffusive term compared with the
definition used in most two-fluid models [83-86].

The pressure difference between the fluids, although small, is not disre-
garded in the internal energy equations (two-pressure model). Thus for
the internal energies in (3.14) we can write:

pet(w;) i + cFp/ (W) ; 2 BEPF(Vi) s (3.23)

where: oo
/Bi: o /(Q Cs ) (324>
e E) + o (o)
The B* are the distribution coefficients of the pressure work given as
functions of the relative compressibilities of the fluids.
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7. The pressure difference between the fluids is disregarded in the momentum

equations (3.9):
ct(p)i 2 a* Py, (3.25)

with:
P=ao"Pt+a P, (3.26)

from energy conservation.

. The pressure difference between the fluids is determined by a supplemen-

tary empirical equation for the relaxation of volume fractions:

Fat +(aF);V; B = (o (V] -V)) (3.27)

J 2J

The addition of an equation in a* is a common approach in two-fluid

models [83-86], but the relaxation term is unusual. The underlying dissi-
pative mechanism appears to be turbulent diffusion, which is included in
the definition of the V*.

All these hypotheses are classical for two-fluid flows and are generally fairly

well verified. To these are added the following turbulent closures, which are
specific to AWE’s two-fluid model and thus are less well established:

9.

10.

11.

It is assumed that the Atwood number is small and that the integral length
scale of turbulence is larger than the characteristic sizes of the mixture
structures. Then an effective mean fluid for the turbulence can assumed,
thus reducing the two-turbulence statistical equations to a one-turbulence
model:

ciguiiuji =ctp uliuji =C*Ry;, (3.28)

(recalling that C* are the mean mass fractions).

In this one-turbulence approximation, the evolution equation for the two-
fluid turbulent kinetic energy, k;, defined in (3.13) is assumed identical to
the equation of k in a single-fluid model. The evolution of kp is then de-
scribed by the modeled equation (2.20), where only the production terms
are modified: this equation is different from that obtained by summing the
equations in c*pk* in (3.14) (in the latter case we find complementary
terms to the turbulent fluxes, see Sect. 7.3). By simple conservation of
energy, the total production is written as:

— Ry (CH(U),; +C(U;),) + Di(U=U;)
= _Rij(Ui),j + (Di + (Ci)J‘Ri]‘) oU; (329)

which includes the work of the drag force, D; = F(c*) ; (p'0;;+7;), in
place of the “Rayleigh-Taylor” production term in (2.20).

The algebraic closure of the Reynolds tensor is identical to (2.14) for the
k—e model, with the same definition of the turbulent viscosity v;.
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12.

13.

3 Two-Fluid Approach: Example of AWE’s Model

The drag is closed according to an empirical expression valid in the New-

tonian regime (strong Reynolds and small Mach numbers) with a correc-

tion for the added mass (with a coefficient of 1/2, adjusted for spheres)

[83-88, §1.3.3]:

D; £ (CF) jRi; = Dy

ata
Ad

1_ - - e

+ 5 oata (%(U:__Ui )+ U;_(Uj),j -U; (U; )]) , (3.30)

=Cq0 |0 U-W || (6U~W;)

where )4 is a dimension of the fluid structures that is characteristic of
the drag, Cy is a drag coefficient, and W is the velocity of turbulent

dispersion:
+ 4 . ).
W p, (@D (o))

(3.31)

according to a classical formulation for dispersed flows [89,90]. As for the
turbulent fluxes, W can be subjected to a limitation to guarantee realiz-
ability (see item 3 in Sect. 2.2). The important feature of this formulation
is the presence of the corrective term F(CF) ;R;;, which is justified [33]
by the need to obtain §U = W under the sole influence of turbulent dif-
fusion and in the absence of pressure gradients and inertial effects. This
correction is to be compared with the work of drag as given in (3.29).

An evolution equation for Ay is constructed in an entirely heuristic manner
[29,30]:

Bl — 7+ +rr— + (Q+)77L — (Qi),i
a)\dﬁ- «Q Uz +Oé Uz +Oé th +Oé Dtii ()\d),i
0 0

= [Di(Aa)a) ; + [ (14 CN)(Vi),i/3

5%
— Oy nmj((Vi),j—&- (V])ﬂ)/Q } Ad+ 14/ ﬁ n;oU; , (3.32)

where n; is the unit vector directed along qi(ai),i and C), is a phenom-

enological constant. We note that:

e the advection velocity of \; is a mean velocity weighted by the inverse
volume fractions (Aq follows more the least abundant fluid) with the
addition of a correction for turbulent dispersion;

e the homogeneous next-to-last term describes the production by the
deformation of structures induced by the mean motion; and

e the last production term, which is heuristic and inhomogeneous, is pro-
portional to the interpenetration velocity along the mixing gradient,
and was chosen to provide a length \; that is approximately uniform
in a mixing layer.
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14. The turbulent coefficients of viscosity, diffusion, and dissipation are ex-

15.

16.

pressed in terms of the length \; as:

e CH\/kjb/\i , (3.33a)
Dt = 21/15 5 (333]3)

E=F "IN, (3.33¢)
i = (Ci/C) A (3.33d)

With the notations of the k—e model in Sect. 2.2, this is equivalent to
taking the Schmidt—Prandtl numbers, o, all equal to .5.

As in the k— model, the physical and numerical treatment of shocks [91]
consists of adding to the pressure a single artificial viscosity stress in the
equations of momentum and internal energy. The artificial viscosity is of
the Wilkins type calculated from the volume averaged velocity gradient
Vi,j so as to remain compatible with the work of the pressure forces in
the internal energy equations. In rare cases with high Atwood numbers,
instabilities can occur that require the use of different artificial viscosities
for the two fluids (see Sect. 8.3).

The recommended numerical constants are chosen to reconstruct the self-
similar Kelvin-Helmholtz and Rayleigh-Taylor mixing instabilities in the
limit of zero Atwood number:*

Table 3.1. Recommended constants for AWE’s two-fluid model [33]

c.lcy| ¢ |y
09]20].105] 1

To summarize, the equations of AWE’s two-fluid model are [33]:

Gile® bt VR (0B W)

2(atot )t(atet UF); =0,

(
2 (aFoFUF)+(a* o UFUF) j = = CF(Rij) j— o (P);  F D} +aigigi(534)
(
(

D (ot ot BE) oot BEUF) j B — (@5F) ) — fEPE(V) i +atet a4 s,

8

L@k )+(@ kb Uj)y =—(@%),; +7xm+7p —2F,

118

o
2 (A\a + a)y VP —(®}),;  +TRp T,

where the turbulent fluxes are closed by:

4 DL Youngs [33] uses the notations K and L for our ky and A4, and the
coefficients ci, ca2, and cs for Cy, C; and C'y, respectively.
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12 5D, (a),, (3.35a)

P2 —aFp Dy (EF); (3.35b)
m 2k i

Rij=0 5 0i; —ov [(Ui) ;+(Uj) 1, (3.35¢)

and the V., V£ 8+ D* mxpy+mp, mk g+ and V' are closed as in (3.22),
(3.21), (3.24), (3.30), (3.29), (3.32), and (3.32), respectively.



Summary of Part 1

This first part has provided the reference framework of the two basic mod-
els found in the literature, DaAM’s k— and AWE’s two-fluid, which embody
the two main approaches used for gravitationnally driven turbulent mixing
flows.

To facilitate the comparison between the two approaches carried out over
this work, common notations have been used as much as possible and a
common averaging procedure has been applied (ensemble averaging). At this
early stage, some fundamental differences appear between single- and two-fluid
equations which have been highlighted.

Most noticeable is the turbulent energy which involves a directed energy
contribution which is separated by the two-fluid approach, as given in (3.13).
This energy component, and the energy transfer paths involving it, will play
a crucial role in the next chapters.

In both modeling routes, two production processes of turbulent kinetic en-
ergy (and directed energy) are present. The first is the usual work of Reynolds
stresses through shear of the mean flow. The second takes noticeably different
forms in the two models: enthalpic or “Rayleigh—Taylor” production for the
single fluid model (2.17), and drag work for the two-fluid model (3.16).

One complementary equation is added in both models, respectively on € or
Mg, with specific production terms. Although these quantities are very different
in meaning and form, they will be related to the same physical observations.
They thus play somewhat similar roles in closing the models.
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Mixing Instabilities in Developed Regime:
Phenomenology of Energy Balances

4.1 Review of Different Instability Types
and Regimes

The three major types of “ideal” instabilities studied here are [92]:

e Kelvin—Helmholtz (KH): two fluids, possibly identical, separated by an ini-
tially plane surface, are each driven by different uniform velocities tangent
to the plane;

e Rayleigh-Taylor (RT) [93-97]: two fluids at rest, of different densities,
separated by an initially plane surface, are subjected to a gravity field
perpendicular to the plane and oriented from heavy to light;

e Richtmyer-Meshkov (RM) [97]: two compressible fluids, of different im-
pedances, separated by an initially plane surface, are set in motion by the
passage of a shock propagating along the normal to the plane.

These three cases of flows (1D) are unstable with regard to small perturbations
(2D or 3D) of the initial conditions: interface distortions, nonuniform velocity
fields, etc.

Detailed analyses of these instabilities will not be undertaken here, but can
be found in many publications [92-97]. We will recall only that four successive
evolution regimes have been identified for these three types of instabilities:

1. linear: the perturbations are of small amplitude, and their evolution equa-
tions are linear; decomposition into eigenmodes (in general, as the result
of Fourier analysis) leads to an analytic solution where the unstable modes
grow exponentially (linearly for RM).

2. weakly nonlinear: the perturbations are of sufficient amplitude so that
the evolution equations have nonlinear terms that are non-negligible, but
small enough to be handled using perturbative methods; the evolution of
eigenmodes is not strictly exponential, and mode and frequency-mixing
effects appear.

A. Llor: Statistical Hydrodynamic Models for Developed Mixing Instability Flows,
Lect. Notes Phys. 681, 33-45 (2005)
www.springerlink.com © Springer-Verlag Berlin Heidelberg 2005
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3. nonlinear or transient: the perturbations are of large amplitude and the
nonlinear terms have become significant in the equations; evolution, which
is more of an algebraic type, can no longer be described by superimposing
eigenmodes, but certain characteristics of the initial perturbations are
preserved, in particular the wavelength in the single-mode case.

4. developed turbulent: the perturbations have become large and chaotic,
because the nonlinear terms dominate the evolution equations; there is
now a certain “Joss of memory” of the initial conditions, and the descrip-
tion of evolution must rely on turbulence modeling: statistical, spectral,
large-scale simulation (LES), or direct simulation (DNS).

The discussion to follow will be concerned only with statistical models de-
scribing the final regime. In many applications, this is the dominant regime
in terms of duration and effects.

In the case of incompressible homogeneous fluids with a constant driving
term (shear in KH, gravity in RT), the flow in developed turbulent regime
is self-similar.! Thus the “loss of memory” associated with this regime erases
all the characteristic quantities of the flow, leaving as the only descriptive
parameters time and the energy source. These two values are sufficient to
give the general expressions for the mixing zone characteristics: the thickness
L(t) behaves as t for KH, ¢* for RT, and t"° where ng ~ 1/3 for RM (as
shown in Table 4.1, p. 38). Physical and numerical experiments confirm these
behaviors and allow an estimation of the universal coefficients associated with
these laws.

4.2 “0D” Energy Balance in Self-Similar,
Incompressible, Developed Regime
at Zero Atwood Number

The growth of the mixing zone, as given by the law L(¢), globally describes
the relative displacement of the fluids, and it is thus associated with two char-
acteristic energies of the mixing zone: the time integrated input energy (from
a kinetic or potential source for KH and RT instabilities, respectively) and
the directed kinetic energy due to the mean velocity acquired by the fluids.
Therefore, the knowledge of L(t) provides two of the basic terms in the energy
balance of a turbulent mixing layer. Borrowing from earlier methods [59] that
were revived in part by Mikaelian for mixing layers [98,99] and have been used
implicitly in several studies at the DAM [26,100-103] and elsewhere [104-109],
a “0D” analysis for the energy balances can be obtained by further introducing

! We recall that a Richtmyer—-Meshkov instability, although nitiated by a passing
shock, actually involves an incompressible description of its evolution (in the absence
of any effect that could cause a variation in the densities of the fluids after the shock
passage, as for example with certain combinations of impedances which result in an
expansion wave).
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L(t)
7y 1
o o
0 ' X >

Fig. 4.1. Approximate profiles of volume fractions and velocities in a mixing zone,
used for estimating various quantities of “OD” models

some simple, but realistic, approximations for the profiles of the main quan-
tities in the mixing zone. The other more refined characteristics of turbulent
mixing layers (detailed profiles, anisotropies, etc.) can be equally important in
certain situations, but as we shall see in Chap. 7, they are marginal in many
DAM applications.

As shown in Fig. 4.1, we shall assume here that the profiles of the volume
fractions a* of the two mixing fluids, indexed by + and —, are linear:

(4.1)

The mixing zone is therefore symmetric, which is rigorous only in the limit of
fluids with identical properties. The analysis presented here will thus be valid
only in the limit of zero Atwood numbers. Experimentally, the hypothesis of
a linear profile has been fairly well verified, except at the edges of the mixing
zones, where there is some rounding [31, 32, 110-124]. This could introduce
some bias into the relation between L and the mean slope of «, but the
thickness is usually obtained by a second moment method that corrects this
effect:?
+oo
L= 6/ at(z)a™ (z)dx . (4.2)

— 00

Returning to the two-fluid statistical definitions given in Chap. 3, we shall
use the fluid velocities U* to estimate the mean kinetic energies. With the
assumptions of uniform densities, and of incompressible and immiscible fluids,
the Reynolds and Favre averaged velocities, V and U, and the turbulent

2 © Many authors [33,120,121] replace the coefficient 6 by 6.6 in this formula
in order to take into account the slight smearing of the TMZ edges observed in
experiments. This correction can be safely neglected considering the approximations
used in the present study.



36 4 Mixing Instabilities in Developed Regime

mass fluxes for each fluid c*u*, vanish in the limit of zero Atwood number.
According to (3.8), the velocity profiles of the fluids are written as:

U (z) = +aT (2)0U,(z) . (4.3)

Inserting these expressions and the linear profiles of the a® into the mass
conservation equations of the two fluids (see (3.9) in Sect. 3.1), we find by
integrating in x that 06U, is uniform over the mixing zone. In addition, the

evolution of the mixing zone edges is given by:
drL
7 = U = Us (be2) = UL (-1/2) (4.4)

from which we finally obtain:

1
U(z) = — (E F 2) 6U, and L = —20U,, (4.5)
(60U, < 0 with the axis choice adopted and shown in Fig. 4.1). The growth
rate of the mixing zone thus makes it possible to express the two components,
directed and mean, of the total per mass kinetic energy given in (3.13). The
mean per mass values for the mixing zones, Kp and Kj; are then given by:*

+L/2

TS okgda 1 [th/2
Ko="ifm =~ [ CrC b
Jon), eda R
1 1 2
+L/2 2
(UL dx 1 [t
Koy = 22 ~ -7 / (aF=C)(a™=C7)(0U,)*r da
_1e 0dz ohe
1 4 A2
T A(6U,)* = TKD' (160)

These expressions are valid regardless of the type of self-similar instability
under consideration or the nature of the fluid mixture (heterogeneous or inti-
mate), since the value of 6U, depends only on the evolution law of L(t). They
show that the mean kinetic energy, K)s, represents only an asymptotically

3 The approximations in these expressions of Kp and Ky are valid in the limit
A—0, where g can be considered uniform. We also note that:

+
+ A+ o+ _ 0 _ + - A
a=C"=a (1 ) =F2a'a 14+ A(at—a™)

4
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small portion of the directed kinetic energy Kp as A— 0. Thus we will dis-
regard Ky; for the rest of this study. The values of Kp in the three cases of
KH, RT, and RM are given in Table 4.1.

Now we examine the time integrated input energy, K, which is the other
energy balance term imposed by L(t). In the RT case, given the profile of o,
we can calculate the variation of the mean per mass gravitational energy of
the system, representing the balance of the input energy and energy dissipated
to turbulent or internal energies:

_ +L/2
O ( | at@er+am@e)ads

(ot+o™ )L \J )2
0 +L/2
—/ Qfxdx—/ Q+xdx> , (4.7)
—L/2 0

where, with the axis choice shown in Fig. 4.1, the acceleration field is written
as g, = —1', with I" > 0. In the limit A4 — 0, where the mean density in the
mixing zone is fairly constant and is given by (o407 )/2, the result of the
integration is given in Table 4.1. In the KH case, an additional assumption
on the transverse velocity profile in the mizing zone is required to determine
the input energy balance. Assuming a linear profile over the same thickness
L, defined by the profile of U*(z), we obtain:

(k1] _ —(AUy/2)° [ (52 S (27
= oo L </—L/2 (@¥(@)e"+a”(@)e )<L> &

0 +L/2
—/ 0~ dx—/ o' da:) , (4.8)
L2 0

where AU, is the difference of the fluid velocities at infinity. The result is
shown in Table 4.1. In the RM case, the total input energy during the passage
of the initial shock is a constant of the motion, since there is no production
mechanism during self-similar growth: thus K; decreases as 1/L.

4.3 “0D” Turbulent Energy and Structure
in Self-Similar, Incompressible, Developed Regime
at Zero Atwood Number

According to Sect. 4.2 above, the directed kinetic energy is always a small
fraction of the input energy, K;: most of K; is converted into turbulent ki-
netic energy, K, which in turn is dissipated. A characterization of the energy of
turbulent mixing zones must therefore include data on K obtained experimen-
tally or numerically. For purposes of comparison with the one- and two-fluid
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models, we included in Table 4.1 both K and Ky = K — Kp, the mean two-
fluid turbulent energy defined in (3.13), which are given by their ratios to K
and Kp. We note that in the KH case, these quantities are well known from
experiments [110-117], while we were able to find only one publication [33] on
a numerical simulation for the RM case® (the RT case being an intermediate
situation). Thus these quantities are not known with the precision that might
be desired, although it is sufficient for the present study.

The energy balance is now fully defined, the remainder K; — K being
dissipated as heat. However, it is useful to include three quantities that are
characteristic of this dissipation (and thus redundant but important for mod-
eling): the mean dissipation E = (¢), obtained from the relation:

LEzé%L&—LK% (4.9)

the integral turbulence length scale, A;:°

K°?
A; = T (4.10)
and the “von Karmén number,” k:
) 3/
ool KT (4.11)
L EL

The dissipation, F, is a quantity defined in an absolute manner by the balance
relation (4.9), and does not as such bring any new information. By contrast,
the definition of the integral length scale, which estimates the characteristic
size of the largest turbulent eddies, makes the implicit hypothesis of spectral
quasi-equilibrium of the turbulent energy. Experiments [122] (and to lesser
extent numerical simulations) indicate that this condition is safely fulfilled for

4 Shock tube measurements of velocity fluctuations at the DAM in Vaujours are
currently being reinterpreted by J.—F. Haas, G. Rodriguez, F. Poggi, and X. Rogue.
This work has confirmed the order of magnitude of the von Ka&rman number obtained
by direct simulation for the RM case.

5 (© Various authors in the turbulence community consider K2 /€ to be only
proportional the integral length scale in general. The factors, close to 1, that they
introduce in their definitions often depend on constants of specific models and may
vary according to flow situations. However, many standard textbooks on turbu-
lence do define k2 /e as the integral length scale under the more or less explicit
assumptions of spectral quasi-equilibrium (experimentally observed in RT, see foot-
note 6, p. 41) and universality of the Kolmogorov constant (also experimentally
verified in many different flows). This ensures that very different flow situations
can be analyzed with this common yardstick. The present study critically hinges on
this property when comparing KH, RT and RM instabilities in order to reveal the
distinctive features of RT flows. See also footnote 8, p. 42.
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the self-similar KH, RT, and RM flows of the present study.® The dimension-
less geometric parameter x thus indicates how many of the largest turbulent
eddies are contained within the mixing zone width. A similarly defined ratio
K appears as the von Karman constant in the analysis of turbulent boundary
layers [59, §5.2|, [134, §17.1.4], which greatly resemble the Kelvin—Helmholtz
instability. Thus, by extension, we have adopted here the name von Karman
number for k.

The von Karman number k represents, in a derived form, the dissipation
in the mixing layer, but its specific importance stems from being identified
as a Knudsen number that characterizes the turbulent transport, as has been
previously noted [59, §2.3]. Indeed the turbulent diffusion is associated with
a mean free path of the order of A;, and the value of x thus represents the
first criterion for the validity of the turbulent flux closures in the models. For
example, the coefficients of the k—¢ model were determined so as to capture
various experimental parameters, including the von Karmén constant [62,69—
76].”

For the three self-similar instabilities being studied, equations (4.9) through
(4.11) allow the von Karméan number to be expressed as a function of the char-
acteristic growth coefficients and the ratios K/K; or K/Kp:

_1 KH
s/ VEL KR )2V
1—(K/Kp) ~ dLE; 1 (K/Kj) 1
= LK; dt RT,

8v/3Wo

K VK
K VEp/L JE e gy
Kp _dLEp Kp = 4/3(2-3no)

LKp dt

(4.12)
The numerical values of these expressions are given in Table 4.1, p. 38. We
note here that a precise measurement of the ratio K/K; is important in the
KH and RT cases, because the von Karman number diverges as K — Kj.

5 @ Despite the accumulation of unambiguous evidence, even recent and of
high quality [133], the existence of spectral quasi-equilibrium in the RT flow is still
questioned sometimes: the basic argument is that the t*> TMZ growth is too far
away from the stationary state (where production and dissipation almost match)
which, according to common wisdom, is required in order to sustain spectral quasi-
equilibrium. In fact, as shown more generally on SSVARTS in Sect. 9.3, this condition
can be significantly relaxed, and furthermore, the relative mismatches in the RT and
KH cases are similar (spectral quasi-equilibrium is seldom questioned for the latter).

7 (© Despite numerous positive responses to introducing the “von Karman num-
ber” terminology, the equally numerous negative opinions in the turbulence commu-
nity have pushed us to use the “turbulence Knudsen number” in all further publica-
tions.
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This ratio, which is presently known only from direct simulations for the RT
case [33,128-130], might have an error of up to 20%. The uncertainty on the
K/Kp ratio in the RM case is at least of the same order [33], but it has a
smaller effect on the von Karmén number.

As with the turbulent kinetic energy, which can be defined using either
the one- or two-fluid formalism, the von Karman number also has a two-fluid
form, kp, obtained by replacing K with Kp in the expression of A; in (4.10)
(but not in (4.12), because the definition of E does not change). We then
obtain the values given in Table 4.1, p. 38. This x; provides a more consistent
reconstruction of the Knudsen number because, in certain models such as
AWE’s two-fluid, the directed kinetic energy is confined to large scales and
thus is not associated with the inertial dissipation cascade.

The energy balances for the three instabilities (Table 4.1) give rise to
several comments:

e In the Richtmyer—Meshkov case, Kp /K| is time-dependent; it is necessary
that ng < 2/3 or else Kp will exceed K for t — oo, and thus Kp/K;
diverges for ¢ — 0. This shows that, unlike the KH and RT cases, the
self-similar regime cannot be extended below a certain non-zero value of ¢;
the system retains a memory of its initialization in the form of the input
energy Kjo.

e Compared to the value in the the Kelvin-Helmholtz case, the ratio Kp/K;
is more than an order of magnitude greater in the Rayleigh—Taylor case
(4)0/ X2 ~ 50). Given the same input energy, the structure of velocity
fluctuations, which include the turbulence and the directed interpenetra-
tion, is necessarily very different in the two situations. This element is
crucial when comparing the one- and two-fluid models.

e Asa consequence of the previous point, the one- and two-fluid von Karman
numbers are not noticeably different, except in the RT case.

e The von Karman numbers in the KH and RM cases are of the same order
as the von Karméan constant: about .4 [59, §5.2|, [134, §17.1.4]. By contrast,
in the RT case, the von Karman number is smaller by about a factor of 5.8
This agrees with qualitative observations on the respective sizes of eddies
and bubbles in KH [110-117] and RT [33,120-122] mixing zones.

8 @ This fact, which does not seem to have been reported previously and is
critical in our approach to model assessment, has stirred confusion among some
readers. Confusion could stem from the apparent contradiction in bounding an in-
ertial range with an integral length scale much smaller than the RT flow scale (the
TMZ width): one could then be drawn to the unacceptable conclusion that the spec-
tral density of turbulent energy is negligible in the wave number interval of large
scales [27/L, 2w/ A;].

Actually there is a non negligible amount of energy in the large scales range,
and this introduces an error on the integral length scale as calculated using (4.10).
Assumptions on the reduced spectral density profile e(k) (here k is the wave number)
in the large scales range provide simple estimates of the possible deviations on the
von Karman number. The turbulent kinetic energy is given by:
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4.4 “0D” Reduction of Evolution Equations
of Hydrodynamic Models

The results for the “0D” mean values in Table 4.1, p. 38 make up a set of con-
straints with which any statistical model must comply. In general, matching
and adjusting to these constraints, either by analytical or numerical means,
can be physically complex [100-103]: the dynamics of a model is controlled by
numerous competing effects (productions, dissipations, turbulent diffusions,
advections), making the balance difficult to grasp, even for self-similar so-
lutions of a simple model like the k—<. However, the balances of Table 4.1
are “0D” approximations, so an exact verification is not absolutely necessary.
Using a few simplifying assumptions, it is often possible to obtain evolution
equations for L, K, and K p by integrating the model equations over the space

k; 0o

K= Cks"’/gk;S/Be(k)kor/ Cre’k="dk
kr, k;

where kp = A/L, ki = AJ/A;, A} defines the actual limit of the inertial range

(as opposed to the apparent limit defined by A; in (4.10)), C is the Kolmogorov

constant, A is a constant adjusted to retrieve (4.10) for e(k) = 0, and e(k) can be

assumed to be either:

Ok . Steep truncation of inertial spectrum,
e(k) = — kL Continuous transition with sub-kz modes (assumed negligible),
i — kL
1 Flat large scales spectrum with steep truncation at kr..

Elementary calculation then provide the relationship between the actual and appar-
ent von Karman numbers, k* and x respectively, for the three profiles of spectral
density:

K",

L[4 =K 52
KR " ( 3 ) '
. (5 —2K" 52
()
using the approximation x* ~ kr/ki;. These estimated corrections amount to less
than 50% in the most extreme cases and always reduce the actual von Karman
number. The basic conclusion on the small value of the von Karman number in RT
flows is thus undisputable.

Incidentally, it is to be noticed that in the RT case, the sub-inertial range consists
of two parts: the large scales range just discussed above, and the so-called frozen
modes range [0, 27/L]. This contrasts with practically all common turbulent shear
driven flows, where the von Karméan number is close to one, and thus the large scales
range is negligible and the sub-inertial range is reduced to frozen modes. For RT
type flows, the large scales range is typically filled by the directed energy (hence
K" & Kp). As for any other turbulent flow, the dynamics of the system is dominated
by the large scales motions, and therefore the specific presence of a large scales
range demands to be taken into account in models. Two-fluid approaches answer
this demand by separating the directed energy out of the turbulent energy.
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coordinate. We have then the significant advantage of dealing with ordinary
differential equations (“0D” model) rather than partial differential equations.
This approach will be applied to DAM’s k- and AWE’s two-fluid models,
respectively, in Sects. 5.2 and 6.1.

To illustrate the procedure of 1D to “OD” projection, let us consider the
example of a generic per volume quantity a that is described in a given model
by an evolution equation having source and flux terms:

%a + (¢2) » = s*. (4.13)

By integrating over the variable interval [—L(t)/2,+L(t)/2], the evolution
equation leads to:

1 +L/2 a _Aal 1 +L/2
—/ Sa(r)dr + Ou(+L/2) = $z(-1/2) = —/ s*(x)dx, (4.14)
L L/2 L L —L/2

It is assumed that the fluids are at rest outside of the mixing zones for the
three flows under consideration. In these zones of rest, we assume that the
quantities of interest (a, in this case) cancel one another and yield flux and
source terms of zero. This eliminates the flux term and allows us to rearrange
the integral and the time derivative. Introducing the averaged values for the
zone, A = (a) and S* = (s*), there appears a term in dL/d¢:

1d(LA4) dA  dL

I —54—@14:5. (4.15)

Thus, comparing with the evolution equation, we see that the flux term is
replaced by a mean “dilution” term in (dL)/(Ldt). This last term is then
closed by the expression for L'(¢) in (4.5).°

The difficulty now is to transpose the closure of s* to S“, which must be
expressed realistically in terms of other mean quantities. One systematic way
of proceeding is to consider the mean values as equal to the values at the
center of the mizing zone to within a constant factor . This is equivalent to
stating that there is some dominant mode which defines the generic profile
of any quantity, as was implicitly assumed in [100] and [101-103]. Assuming
that s is a function s*(b) of another quantity b, we then have:

59~ %s (CB) . (4.16)

9 Tt might seem that the modeling of the flux terms of the various quantities is lost
in the “OD” equation (4.15). Actually, the closure of L'(t) in (4.5) links all the fluxes
to the velocity dU. The “OD” reduction thus introduces distortions when the fluxes of
the various quantities are not consistent with a single mean advection velocity; this
is the case for instance with the k— model applied to a Kelvin—Helmholtz instability
(see Sect. 5.2) for which corrections can be introduced (see C).
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It must therefore be emphasized that only the source terms are approximated
in the 1D—0D projection procedure. As most of the values are bell-shaped
and cancel at the edges of the mixing zone, the simplest profile is a parabola
a(z)a™(z), and we have ¢ ~ 3/2. This value will be used throughout this
work.



5)

Reconstruction by DAM’s k— Model
of Developed Mixing Instabilities

5.1 On the “Richtmyer—Meshkov” Calibration
of Coeflicients C and o,

According to the literature, the calibration of coefficients of the incompressible
k— model (listed in Table 2.1, p. 14) is based on the reconstruction of a set of
canonical experiments representative of the set of phenomena to be captured,
excluding all other effects that are not described or are possibly spurious. The
content of this set of experiments varies among authors, but there are three
main classes:

e experiments sensitive to just one simple phenomenon, most often self-
similar, observed over a long period and reconstructed from a single para-
meter that is a function of the model coefficients (decay of grid generated
turbulence, logarithmic zone of the turbulent boundary layer, homoge-
neous shear of a turbulent flow, etc.);

e experiments sensitive to several phenomena, usually reconstructed by nu-
merical optimization, simple parameters being predetermined (accelerated
boundary layers, etc.);

e ‘“gedanken” experiments sensitive to the internal consistency of the model
and reconstructed theoretically (diffusion—dissipation competition between
k and e, diffusion of a passive tracer in isotropic homogeneous turbulence
by the renormalization group, etc.).

Quite naturally, the strategy for calibrating DAM’s k— model thus con-
sisted in complementing the set of canonical k— incompressible calibrations
with experiments sensitive to the coefficients C.o and o,.! Richtmyer—Meshkov
mixing instabilities observed in shock tubes have been considered of central

! The coefficient C.3 has little influence in the instabilities under consideration
and can be fairly well estimated by a “gedanken” experiment, as will be elaborated
in Sect. 8.4.

A. Llor: Statistical Hydrodynamic Models for Developed Mixing Instability Flows,
Lect. Notes Phys. 681, 47-61 (2005)
www.springerlink.com © Springer-Verlag Berlin Heidelberg 2005
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importance because they resemble phenomena that occur in many DAM appli-
cations. However, in addition to the experimental difficulties [135] (membrane
influence, boundary layers, observation time, diagnostics, departure from self-
similarity, etc.), these experiments have several disadvantages:

e the self-similar behavior observed after shock passage does not depend on
the coefficients C.o and o,, as will be seen in Sect. 5.2 (“RM” column of
Table 5.1, p. 52);

e the turbulence production by the shock, which is in fact the phenomenon
to be reconstructed by the calibration, is tainted by several difficulties
associated with the relevance of the modeling of the so-called “Rayleigh—
Taylor” term, as will be analyzed in Sect. 7.2;

e assuming that the two preceding items are amendable, the turbulence pro-
duction by shock depends on both coefficients C.g and o,, whereas so far
calibrations have been based on the ensuing evolution of the mixing zone
width only. Additional intricate measurements [135-138| (in particular, ve-
locity fluctuations) or an additional independent experiment are necessary
in order to define the coefficients unambiguously.

To remove the ambiguity in the calibration of the coefficients (o,, Czo) by
shock-tube experiments, some authors have considered other types of flows.
For instance, the decay of stratified grid turbulence provides the empirical
relationship [5, 6]:

050:1+0'Q/5, (51)

but it assumes that the so-called “Rayleigh-Taylor” production term remains
active when (p);(9); > 0 (which contradicts item 11 in Sect. 2.3), and it
implies that C.y > 1. The presently recommended value C.y = .85 was
proposed by C.E. Leith for reconstructing L(t) for a self-similar Rayleigh—
Taylor instability, but with certain assumptions about some coefficients, such
as 0, = 0. = .7 and Cy; = 2 [12]. Other authors [100] have studied the
Rayleigh-Taylor self-similar instability in shock tube experiments, but ob-
tained different values.

In fact the Rayleigh—Taylor self-similar instability does not have any of
the above-mentioned disadvantages of the Richtmyer—-Meshkov instability. As
will be seen in Sect. 5.3, this makes it possible to calibrate both C.y and o, by
simultaneous reconstruction of the growth of L(¢) and of another parameter,
energy balance or von Karman number (integral length scale). The complexity
of the 1D calculations suggests the use of simplifications or numerical simu-
lations [100-103], and we will limit ourselves to illustrating this calibration
method in the “OD” approximation.
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5.2 “OD” Reconstruction by DAM’s k— Model
of Basic Self-Similar Instabilities

5.2.1 General Remarks, Reconstruction
of the Directed Kinetic Energy

The k—e model described in Sects. 2.2 and 2.3 comprises six evolution equa-
tions, of which only those in k£ and € remain relevant after “OD” projection
according to the procedure described in Sect. 4.4. Indeed:

e forcing a®(x) and UZF(x) to follow some given profiles is equivalent to
solving the concentration and mean momentum equations along x, and

e assuming incompressibility makes the internal energy equation useless, be-
cause it is merely a passive receptacle for dissipative phenomena.

The remaining mean quantities, K = (k) and E = (£) are not directly com-
parable to the mean quantities in Table 4.1, p. 38, K; and Kp, which were
deduced from the self-similar growth of the mixing zone. Thus we reconstruct
K7 and Kp from other parameters of the model.

The difference between fluid velocities is related to the turbulent concen-
tration flux, which determines the growth of the mixing zone. This relation
will be detailed and extended in (7.6), Sect. 7.3. For now, we write at the
center of the mixing zone:

JF — JF b)) — ”
U+ - Ui:QC Uy B QC Uy _ QC Uq - QC Uy
xT x _ _
oct — oc oct oc
m CM k2 (C+),5L’ (C_),z
o, & c+ Cc-
m C K2
E g g 5.2
¢ 0. EL’ (5.2)

the last two expressions being obtained by transforming octu, with the
Boussinesq—Reynolds closure in (2.16) and the “0D” approximation proce-
dure described in Sect. 4.4. The growth of the mixing zone thickness, L(t),
and the directed kinetic energy, Kp, are then deduced from their respective
expressions (4.5) and (4.6a).

5.2.2 Construction and Resolution
of the “0D” Differential System

According to the expressions in Table 4.1, p. 38 that are valid in the “0D” ap-
proximation, the input energy, K7, is directly determined by the mixing zone
thickness. In the k— model, this must be made identical to the time integral
of the turbulent energy production term, ITx. With an accuracy equal to the
“0D” approximations, this is rigorous for the Kelvin—Helmholtz case, because
ITk is the work of the Reynolds stresses, which converts mean kinetic energy
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Fig. 5.1. Diagram of energy transfers in Kelvin—-Helmholtz and Rayleigh—Taylor
instabilities according to DAM’s k— model. In the limit of zero Atwood number and
incompressible fluids, the RT case should have ITx = oI'U, or K] = K1

into turbulent kinetic energy. For the Rayleigh-Taylor case, the energy trans-
fers modeled in DAM’s k—= model are more complicated: as shown in Fig. 5.1
and discussed in Sect. 7.2, the energy is first input into mean kinetic energy by
the work of gravity, then transferred into internal energy by Favre averaged
compression (U;) ;, and finally converted into turbulent kinetic energy by the
so-called “Rayleigh—Taylor” production term. In the case of incompressible flu-
ids, these transfers must all be identical so that the work of the gravity forces
is entirely converted into K (the dissipation £ is the only source of internal
energy, and the mean kinetic energy K, is asymptotically zero for A — 0).
Because the k—< model does not impose this identity a priori, it must therefore
be introduced by a suitable choice of coefficients, which will be discussed in
Sect. 5.3. The time integral of I1x will be denoted K7 to distinguish it from
Kr. )

Still assuming that the mixing zone displays parabolic profiles for k and
¢ and linear profiles for a* as in Fig. 4.1, we obtain in each case the expres-
sions for the turbulent energy source term, ITx. For the Kelvin—-Helmholtz
instability, we thus obtain the term for mean specific production by Reynolds
stresses from (2.22):

KH| m 1 k2
a2 o, B jw,).r

K? (AU, \®

=0

For the Rayleigh—Taylor instability, the gradients of p and g are uniform and
given for A— 0 by:?

? The expression P(+L/2) — P(—L/2) is obtained by integrating the momentum
equation in (2.6) over the mixing zone thickness:

1 +L/2 5 -
i/ L [BEU+ @UU, + 0+ (@) , - 20c] do =0,

However, in +L/2, U, = 0 and guju] = 0, and with the linear approximation in
Fig. 4.1:
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from which the mean per mass production term deduced from (2.17) is:
m 1| Cuk (9)2(0)s 2C, K?
11 m_- MRS d ~—— —AI. 5.5
K ¢ |lo, € L, e Che (5:5)

Furthermore, it can be shown that in the Rayleigh-Taylor case, the produc-
tion by modeled Reynolds stresses is a negligible contribution compared with
IIgr |5,6].% For the Richtmyer—Meshkov instability, ITxr = 0, because there
is production only when the initial shock passes, mixing taking place after-
wards under the sole effect of relaxing turbulence. An analysis of this initial
production, which does not involve the self-similar approach, will be given in
Chap. 8.

Finally, following the general procedure described in Sect. 4.4, the “0D”
version of the k—e model reduces to the differential system:

d, _ 8¢C, K>
dt oc. EL’
(5.6)
%Kz —%K-F Iy - F,
%E = de—gtE+CmE KfCEQE?Q.

For each type of self-similar mixing flow, we only need insert into this dif-
ferential system the expressions and models of Ik and C.., as well as the
appropriate power laws in ¢ for L, K7, K, and E. The results of this substitu-
tion, which is lengthy and tedious but straightforward, are shown in Table 5.1,
along with the von Karméan numbers as defined by (4.11) to characterize the
turbulence structure. Various significant numerical values corresponding to
the set of coefficients in Table 2.1, p. 14 are also given.
L /W2 U da ~ VAT 210
L2 3 2

which is of second order in A. This gives the approximate expression of (p),; that is
valid in the limit A — 0.

3 The estimation of the mean momentum in footnote 2, p. 50 shows that in the
Rayleigh-Taylor case, the production term due to Reynolds stresses is of order A*. In
the limit A — 0, it is thus negligible compared with the so-called “Rayleigh—Taylor”
term, which is of order A2

It
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5.2.3 Realizability of Turbulent Closures

We can now return to the realizability of the Boussinesq—Reynolds closure of
the various turbulent fluxes and the possible limitations that may be required
in the “OD” model. For example, for the turbulent concentration fluxes oc*uJ,
realizability requires that at the center of the mixing zone (where C* gradients
are strongest):

m C 7];2 — T
RGOl < oVEC* (5.7)

|2 G g
(&

&
Introducing the “OD” mean values, we find that for all types of mixing zones:

K ~ 3.17. (5.8)

<
2/CCy
In the KH and RM cases, the von Karmén number values of k ~ .44 and .42
ensure realizability of practically all turbulent fluxes. Furthermore, in the KH
case, the mean Reynolds tensor can be written using the results in Table 5.1

as:
+ - 1 3 [Ce2Cyu
Ry=2712 gy 2V7oa | (5.9)

o 3 3 CEZ C‘l, 1

2 Csl

The eigenvalues of R;j;:

SN S
Ri:m[(x 1i3\/m ~ 2o K x (151 0r.49), (5.10)
3 2 Cel 3

are thus positive (therefore, R;; is realizable) despite an appreciable anisotropy
ratio, of the order of 3, which agrees with experimental data [110-117]. In the
RT case, the von Karman number (x ~ 1.84, which is greater than 1 for the
coefficients recommended in Table 2.1, p. 14) also ensures the realizability
of the turbulent concentration flux, but with a small safety factor. Besides,
regarding the closure of the turbulent mass flux involved in Iy in (5.4), we
note the presence of the Atwood number, which always ensures realizability
in the limit A — 0. Thus the study presented here is not constrained by the
realizability of closures for any type of instability.

5.2.4 Estimation of Errors Introduced by the “0D” Approach

It is now important to estimate the biases and uncertainties introduced by
the “OD” projection. For this we rely on a comparison with the experimental
findings in the Kelvin—Helmholtz case: indeed, the contribution of the model
to the observed distortions in this case is minimal, since the k— model was
developed and calibrated primarily to reconstruct turbulent boundary layers,
which are similar to sheared mixing layers. A comparison of the “KH” columns
in Tables 4.1, p. 38 and 5.1 yields the following results:
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e the mixing zone growth rate, given by Xj., is underestimated by about
23%,

e the balance of total energy input into the mixing zone, given by the con-
stant o, is underestimated by about 30%,

e the von Karman number is underestimated by about 30%.

The agreement is generally satisfactory, considering the large approximations
introduced in the “0D” projection. The underestimated growth of the mixing
zone might be attributed to the experimental uncertainties, especially those
related to the establishment of a developed self-similar regime [110-117].

Regarding the underestimation of the energy K7 with respect to Ky, it
must be noted that the balance is restored by imposing o, = 1, which is
too high and unacceptable considering the precision of common calibrations.
However, the estimate of K given by (4.8) assumes that the gradients of all
the relevant values (concentrations, velocities, etc.) are identical, as explained
in Sect. 4.2. Actually, an elementary turbulence model such as k—¢ introduces
differences between profiles, as shown in C. Thus there is a certain ambiguity
in the “OD” expressions for the mixing zone thickness and the input energy
associated with it. This effect depends on the type of instability being con-
sidered. In the Kelvin—Helmholtz case, the natural definition of L must be
associated with the transverse velocity profile, U, (z), as was actually realized
in the analysis of the experimental results [110-117]. Because the Schmidt—
Prandtl coefficient of the momentum is defined as equal to 1, we can assume
that o, = 1 in all the “0D” reasoning above. The energy balance in the KH case
is then correctly captured by the “0D” k—¢ model, with a von Karman number
of .44/ V.7 ~ .53, which is only 15% lower than the experimental value.

5.3 “OD Rayleigh—Taylor” Calibration
of Coeflicients C and o,

5.3.1 Discussion of the “0D” Results

The expression for the “OD” Youngs constant, Vi, in Table 5.1, p. 52, was
previously obtained using a simplified 1D approach (where o, = o.) and con-
firmed by comparison with 1D numerical simulations [100]. Similarly, the self-
similar exponent of the RM instability was found to be identical to within 3%
to that obtained by 1D analytic calculations [101-105]. For non-negligible At-
wood numbers, another 1D study yielded implicit analytic expressions which
coincide with those of Table 5.1, p. 52 for the RT and RM cases when
A — 0 [106, 107]. This confirms the elements presented above in Sect. 5.2
regarding the minor distortions seen in the “OD” approach. In contrast to the
KH case, which required the substitution o.=1, o, retains its usual value for
the RT case, because the profile of C*, and not that of U,, is now appropriate
for calculating the potential energy balance.

The coefficients usually recommended in DAM’s k— model underestimate
the mixing zone thickness L(¢) and the input energy K by factors of about
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2 and 3, respectively (see Table 5.1, p. 52). These values are barely compati-
ble with experimental and “0D”-projection uncertainties, and one would have
reasonably expected a better reconstruction from a model that was specially
designed to capture this kind of instability. It must be emphasized that the
factor of 3 on energy is not associated with the smaller growth rate of the mix-
ing zone (already taken into account by the factor Vi in Table 5.1, p. 52),
and actually represents a deficit of input energy compared with the potential
energy balance deduced from the concentration profile (see Sect. 5.2). Regard-
ing the von Karman number, the k—¢ model overestimates it by a factor of
14, which is far above the uncertainties for this quantity obtained from direct
numerical simulations [33]. This reflects the high K/K7 ratio and the low
dissipation of turbulent energy.

One may ask whether a better set of coefficients C,¢ and o, might suit-
ably reconstruct the principal quantities. In Fig. 5.2, the combinations that
verify various constraints are shown in the (C.o,0,) plane. We note that it is
impossible to reconstruct simultaneously the mixing zone growth, the input
energy balance (determined by o,), and the von Karman number (determined
by C.o). Various (C,0,) combinations can thus be used depending on how
are prioritized the quantities to be captured.

5.3.2 Stability and the RT Case
with Self-Similar Variable Acceleration?

Another important consideration in the choice of (Ceo, 0,) is model stability.
This problem is difficult to analyze in general, but becomes simpler for self-
similar incompressible solutions in the “0D” projection. In order to somewhat
represent the different flow forcings encountered in applications, such as time-
dependent accelerations, we shall thus look for solutions of system (5.6) under
self-similar evolutions of I" as ¢". Substituting into (5.6) the corresponding
behaviors in K oct?"2, Eoct?t! and Loct"t2, lengthy and tedious though
straightforward calculations yield:

2C (Cez — Cep)? 2 2
L = =r I't" = n I't ’
oy [(3Coa—3)nt (402 —3N[(3C.0—3)n+ (100 —3)] VoA

K; {2} XK,

| oe (3n—|—4)(C’52 — Cgo)
K= H (3Ce2—3)n+ (40 —3)

P Oc (n+2)(052 - CEO)
“\ 12, (3C.0—3)n+(4C0—3)°

XK17

(5.11)

* © New developments on SSVARTS [54,55] discussed in Sect. 9.3 have noticeably
expanded the findings of this part.
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08 1. 12 14 16
CEO

Fig. 5.2. Graphical representation in the (C.o,0,) plane of the different con-
straints stemming from the “0D” analysis of the self-similar Rayleigh—Taylor insta-
bility by DaM’s k—¢ model: (empty circle) recommended coefficient values; (heavy
line) (Ceo,0,) values that reconstruct the observed mixing zone growth rate, at
Vie = .12; (dashed lines) (C-o, 0,) values that reconstruct the observed mixing zone
growth rate to within a constant factor of: 3, .3, .1, .03, and .01, respectively, from
left to right; (grayed area) (Ceo,0,) values leading to, for self-similar instabilities
with acceleration variable as t", unphysical quantities (negative turbulent energy),
non-realizable turbulent fluxes, violation of the second law of thermodynamics, or
mixing zone growth faster than free fall. The von Karméan number and the en-
ergy balance are associated unambiguously with Cc¢ and o,, respectively, and their
scales are thus placed oppositely. (horizontal line) at o, = 0. &~ .7 corresponds to
the correct energy balance, K7 /K =1

We have introduced here constant ), which is characteristic of the mixing
zone growth rate, and expressed the energies by means of the total input
energy, K7, which now reads:

TVR AL (8822
K= / I'(s / 0(s,2)U(s,x) do ds
Q++Q Vo AL ()2 /2

_(n+2)Y,
= 6Gs AT O (5.12)

Compared with the ordinary Rayleigh-Taylor case, the formulas in (5.11)
yield equivalent results for the input energy K. However, the presence of the
factor [(3C.0—3)n+(4C.0—3)] in V), and k, which are respectively positive
and real quantities, requires that:
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3n+3

instead of the previous Cyo > 3/4 for n = 0. The recommended value of Cy =
.85 results in positive solutions provided that n < —(4C.o—3)/(3C.—3) ~ .89.5

The constraint (5.13) can be tightened a little by noting that C.y, being
related to the von Karman number, controls the realizability of first gradi-
ent closures of turbulent fluxes by the condition (5.8). Applying (5.8) to the
expression for x in (5.11) yields:

Oc (n+2)(052 —CE()) < O'2

> C
20 B (B0 —3)n+(4C0—3) ge

90, + CC[lCEQ

>
— Cgo = 9O'C T CCM

(5.14)

5 It must be noted that the nonpositivity of turbulent quantities for self-similar
solutions does not mean that a nonpositivity actually appears in model calculations.
A case initialized with positive values of K and F retains this property because of the
homogeneous nature of the k— equations, but a stability study then shows that the
solution of the equations does not converge towards a self-similar evolution: there is,
for example, an asymptotic decay of E toward 0. Naturally, this type of evolution is
as non-physical as is the nonpositivity of the self-similar solution. A linear stability
study was made in the vicinity of the self-similar solution. This study, tedious but
with no conceptual difficulties, will not be presented here, because it does not provide
any additional constraint beyond positivity as given in (5.13).

Nevertheless, one might find debatable that a model such as k— should neces-
sarily remain stable for all self-similar external forcings which, in the absence of
experimental data, may display instabilities in a real flow. However, the k—¢ is a
statistical model which must remain stable, because it describes the ensemble mean
of all realizations of a flow (even if, as such, the model may be irrelevant to partic-
ular flow realizations, when involving symmetry breaking for instance): the mean of
chaos is not chaotic!

Finally, the constraint according to which the coefficients C. associated with pro-
duction terms must be greater than 1 is a universal fact, to be attributed to the
behavior of the integral time K/E. Under the sole influence of a single production
term in the equations of K and E and in the absence of any other characteristic time
scale, the turbulent relaxation time increases with the turbulent energy if C. < 1;
this contradicts the general principles of physical theories (classical Lagrangian me-
chanics, electromagnetism, quantum mechanics, relativity, etc.), which always yield
an inverse time—energy relationship.

In the case of an RT flow accelerating as t", it must be also noted that the charac-
teristic time of the instability increases and that the “Rayleigh—Taylor production”
term dominates in the limit n — oco: thus we see that it is not acceptable to have
C:o < 1, which would make the integral time decrease.

Regarding the integral length scale, K 52 /E, one can imagine that it cannot be
noticeably modified by the production term through Reynolds stresses, and con-
sequently, C.1 & 3/2. Calibrations at C.o &~ 1 thus tend to increase the integral
length scale. At this level there is therefore a fundamental difference between the
driving terms of the Kelvin—Helmholtz and Rayleigh—Taylor instabilities of DAM’s
k—e model.
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One can imagine that limiting the turbulent concentration flux in a case that
violates the realizability constraint (5.8) would make it possible to keep a
suitable reconstruction of the instability and to relax (5.14). However, this
situation would be unacceptable, because limiting the turbulent concentration
flux eliminates the constant o. and thus completely changes the relationship
between K; and K} in (5.11).°

Another stability condition, less direct but of general physical bearing, is
to satisfy the second law of thermodynamics. In the present case, with the
incompressibility assumption, the second law translates into a non decreasing
internal energy. Referring back to the energy flux diagram in Fig. 5.1, this
leads simply to the condition K < Ky, which from (5.11) is expressed as:

(3”+4)(C52—C50) 052—050
> > _— .
Yn >0, o, > o (3Co2—3)n+ (4Co3—3) = | 0, > 0, o1

(5.15)

Although not strictly speaking a stability constraint, it must also be re-
quired that the mixing zone growth remains slower than free fall. From the
expression for ), in (5.11), this leads to:”

C (0527080)2
- > H . .
Vn >0, Y, < 7= (Ceo—1)(Coo—1) (519

(n+1)(n+2)

The conditions of positivity, realizability of turbulent fluxes, compatibility
with the second law of thermodynamics, and growth slower than free fall,
(5.13), (5.14), (5.15), and (5.16), are shown in Fig. 5.2. One can thus see that
no pair of coefficients (Cyo, 0,) can reconstruct the growth of the Rayleigh—
Taylor mixing zone. The observed distance between the line V. = .12 and

6 A detailed calculation where the equation in L of (5.6) is replaced by:

d
—L=2VK
dt ’

stemming from the limitation of goc*u} in (5.7), yields a growth rate ), identical to
that in (5.11), but changes K and & into:
«_ Cu 3(n+2)(Ce2 — Ceo)
K= BCo—3)nt (aC0—3) KD

_ 1 (n+2)(Cea — Coo)
T2 (3Ce0—3)n+(4Ce0—3)°

7 (© The limiting expression for },, here corresponds to the free fall of a simple
body in vacuum. Actually, free fall in a mixing zone also involves the upward motion
of the light fluid and the spreading of the kinetic energy over an ever wider layer of
TMZ matter [54,55]. It is rigorously obtained by setting Kp = K7 into (4.5), (4.6a)
and (4.7) or using Ramshaw’s model without drag [50]. In the self-similar regime the
growth coefficient is now YV, = 2/(3n+4)(n+2). This produces a somewhat tighter
constraint on DAM’s k—¢ model coefficients but has no other impact in this report.
It was corrected in later works [54,55].

K
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the boundary of the constraints is greater than uncertainties of experiments
and “0D” approximations (discussed in Sect. 5.2). The set of coefficients that
is compatible with the constraints and best approaches the growth of L(t) is:

60, + CgQCM N
6o. + C), -

op =0T

Cs() =

1.02

=

yke ~ .040
Kk~ 1.03

(5.17)

We note that the condition o, = o, has already been obtained by various
authors based on considerations of either energy balance as here [100], or of

consistency of transport in a mixture [139,140].

5.3.3 Conclusions on DaM’s k— Model

In conclusion, the behavior of DAM’s k- model for an incompressible, self-
similar, developed Rayleigh—Taylor instability in the limit of zero Atwood

number can be summarized as follows (see Fig. 5.2):

8

. The coefficient o, controls the input energy in the mixing layer, K7,
which is inversely proportional to o, and is correctly reconstructed
when o, = o, (= .7).

. C.o controls the turbulence structure, characterized by the von Kér-
méan number, Kk = A;/L. k decreases as a function of Co, but never
takes values close to those observed in direct simulations at constant
acceleration, although it has permissible values around C.( =~ 3/2.

. The growth rate of the mixing zone is defined by the so-called Youngs
constant, ), which depends on o, and C,( according to the expression
in Table 5.1, p. 52. Depending on whether Cp < 1 or Cp > 1, YV
depends mainly on Cg or o,, respectively.

. The set of recommended values, 0, = 2 and C.g = .85, underestimates
the growth rate of the mixing zone by a factor of 2 and the energy
balance by a factor of 3, and overestimates the von Kéarman number
by a factor of 14.

. The robustness of the model can be estimated by its capacity to re-
construct certain physical conditions of a self-similar Rayleigh—Taylor
instability with variable acceleration as I' o t", although the exact
experimental characteristics of this flow are not known.

. C.o controls the existence, stability, and realizability of turbulent
fluxes in RT flows with accelerations as ¢". Existence is ensured when
C.o > 1. When Cg < 1, there is a critical exponent n. above which
self-similar solutions are not physical (n. = 0 for C.o = 3/4). The real-
izability of turbulent fluxes is ensured when Cy > 1.02 approximately.

8 (@ New developments on SSVARTS [54,55| discussed in Sect. 9.3 have noticeably
expanded points 5 to 10 of the conclusion. Stability is now ensured only if Czo > 3/2.
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10.

11.

In flows with accelerations as ¢", the permissible combinations of o,
and C.( are restricted to the domain defined by inequalities (5.15)
and (5.16), which are associated, respectively, with compliance with
the second law of thermodynamics and with a growth rate slower
than free fall. When o, > 0. = .7 and C,9 > 1.02, both conditions are
met.

There is no combination of coefficients o, and C. that reconstructs
the experimental growth rate of the mixing zone at Y =~ .12 while
ensuring realizability and compliance with the second law in all flows
with accelerations as t”.

Although the set of recommended values o, = 2 and C;y = .85 con-
forms to the second law, it results in nonrealizability of solutions with
accelerations as t" when n > n. ~ .89.

Instead of the present set of recommended values, we can propose
the following coefficients:

Op CEO
7 1.02

which are compatible with the constraints of items 6 and 7 above, but
yield a Youngs constant of V & .40, about a factor of 3 below the
experimental value (while the von Karman number is overestimated
by about a factor of 8). However, model stability is not guaranteed
with respect to any erratic evolution of acceleration, and thus Cy may
have to be increased in some applications.

The constraints of energy balance and reasonable value of the von
Kéarméan number, at x ~ .5, result in o, = .7 and Cy =~ 3/2. Mixing
zone growth is then one hundred times too slow and is associated
with a directed kinetic energy balance similar to that of the Kelvin—
Helmholtz instability (see Table 4.1, p. 38). This shows the inability
of a k— type model to capture by turbulent diffusion the Rayleigh—
Taylor mixing zone growth, which is a directed transport phenomenon.
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Reconstruction by AWE’s Two-Fluid Model
of Developed Mixing Instabilities

6.1 “OD” Reconstruction by AWE’s Two-Fluid Model
of Basic Self-Similar Instabilities

6.1.1 General Remarks, Drag Characteristic Length Scale

The self-similar incompressible “0D” approach can be used to estimate the
performance of AWE’s two-fluid model in the three cases of simple mixing
layers. In contrast to what was shown with the single-fluid k- model, the KH
case is now singular compared to the RT and RM cases and will be discussed
last. A 1D analytic study of the RT case has been published based on a slightly
simplified version of the model [108,109).

An important element shared by the three cases is that the “0D” evolution
equation for the drag characteristic length, A4 = (\;) cannot be deduced from
(3.32) by the standard projection procedure described in Sect. 4.4. Indeed, the
directed transport term is not conservative, and contains velocity singularities
at the mixing zone edges. Thus the “0D” projection must be adapted by as-
suming that A4 is practically uniform across the mixing zone: this has actually
been observed [33,108,109], and is supported by the presence of the turbulent
diffusion term, as well as by the nature of the production term, which is pro-
portional to 6U, (also uniform across the TMZ). A simple approach is thus to
make A, identical to the value of A4 at the center of the mixing zone, where
it is considered uniform, and then (3.32) simply yields:!

d

—Ng=—-0U, . 6.1

ac? v (6.1)
The main characteristic of the two-fluid approach is to describe by means

of evolution equations the two momenta associated with UZ. Thus there are

several ways of realizing a “OD” projection to obtain the evolution equation of

! We note that the production terms of Ay due to shear cancel one another for
plane symmetric situations in (3.32), even in the KH case.

A. Llor: Statistical Hydrodynamic Models for Developed Mixing Instability Flows,
Lect. Notes Phys. 681, 63-74 (2005)
www.springerlink.com © Springer-Verlag Berlin Heidelberg 2005
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the directed kinetic energy, K p, which is the relevant parameter presented in
Sect. 4.2. Here we have decided to make a “0D” projection only of the directed
kinetic energy equation as deduced from the general momentum equations. In
this way we ensure the conservation of total energy, as well as the consistency
with the general approach presented in Sect. 4.2.

6.1.2 Rayleigh—Taylor and Richtmyer—Meshkov Cases

Comparing (6.1) with the equation of L in (4.5), which is rigorously valid
for the RT and RM cases, we obtain a general property of the “OD” version
of AWE’s two-fluid model: in any self-similar flow, A; and L have a constant
ratio: I 1 o
1 K3
di=5 = T =m= 50
With the coefficient values recommended in Table 3.1, p. 27, the two-fluid von
Karméan number is thus x ~ .58 for any plane self-similar flow reconstructed by
AWE’s two-fluid model. This ensures the realizability of the turbulent fluxes
according to condition (5.8), which is still applicable with the adaptation
o. = .5 and Kk — K. Hereinafter, we shall replace A4 with L/2 in the “0D”
analysis.
Assuming incompressibility and a vanishing Atwood number, the directed
kinetic energy in a “0D” mixing zone of the RT or RM type is expressed as:

according to (3.33d). (6.2)

Oka = (a0 USUS+a 0 U, U, )/2. (6.3)

Adding the kinetic energy equations in (3.14), we obtain from relation (4.3)
and the Reynolds tensor closure presented in item 10, p. 25:

Si(@ka) + ("o (U /240707 (U;)?/2) ,
+ _ —
= —ata” &2 (R,)),;6U,

0
— DU, +ata (07— 07)g.0U, . (6.4)

Integrating this equation over the mixing zone thickness and applying the
“0D” approximations presented in Sect. 4.4 yields the equation in Kp = (kg).
The equation in Kp = (k;) = K — Kp in (3.13) is obtained in the same way
as presented in Sect. 5.2 for DAM’s k— model, and the production terms by
the modeled Reynolds stresses are here also ignored (see footnote 3, p. 51).
Regarding the input energy K7, its source term appears identical to the pro-
duction term of Kp (the ambiguity justifying the introduction of K7 for
DAM’s k— model is not present). Finally, in the RT and RM cases, the drag
Dz is readily expressed from 06U, = —2v/3 Kp, Kp, and L using (3.30). After
making all the calculations, we thus obtain the system (using I" = 0 for the
Richtmyer—Meshkov instability):
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%L = 4/3Kp,

d drL 2

K = ——K SATV3K

at ! Ldt ! + 3 AIV3Kp,

d drL 2 (6.5)
Ky = K 17 I'\/3K

alp = ~pg Ko~ 1o+ g AIV3 Ep,

d drL 20 K2

—Kp = —— Kp +IIp — —* By

at P Ta Bt Ve L’

where the production term ITp is deduced from item 12, Sect. 3.2, using the
“0D” approximations in Sect. 4.4:

IIp= <Dx6 Ux>
1%

[ Sk (2\/3KD 40\/41(3)2 43 D+32KLD Q”iKD,((a.G)

Sk being here the sign of 24/3 Kp —4C;v/Kp. Hereinafter we assume that
¢ =3/

For self-similar RT and RM flows, we now just need to introduce the
appropriate power laws in ¢ for Kp, Kpg, and L into the differential system
(6.5). The substitution is trivial for the linear equations in L and Kj, and
makes it possible to express K; and Kp as functions of the growth of L(t);
naturally, the relations obtained are identical to those obtained in Sect. 4.2,
because these two quantities were defined using the two-fluid approach. In
contrast to the case of DAM’s k—e model, the balance of energy dissipated as
internal energy is thus always correct, and always complies with the second
law of thermodynamics. For the last two equations, in K and K, we replace
Kp by:

Kp
U= Ky (6.7)
To make ITp explicit, one must first choose a value of the sign Sk (a priori
+1), which must be consistent with the values of Kp and Kp that will be
eventually obtained. It must then be checked that:

Ky _ 3
Kp ~4C?

~ 454 if Sk =+1. (6.8)

From there, lengthy and tedious though straightforward calculations reduce
the equations in Kp and Kpg to:

e an algebraic equation in ¢ as a function of coefficients C,,, Cy, and Cj, of
third or fourth degree for the RT and RM cases, respectively, and
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e an explicit formula giving the growth rate as a function of &/ and the
coefficients.

In both cases, only one of the roots of the equation in U is real, positive, and
compatible with condition (6.8). In the RM case, considering the large ratio
Kp/Kp, we can obtain a good approximation, simple and accurate to within
1%, by considering the equation in K = Kp + Kp: it is identical to that of
Kp in (6.5), where the term ITp would be disregarded because I = 0. U is
then a solution of a second-degree equation. The results are summarized in
Table 6.1.

6.1.3 Kelvin—Helmholtz Case

In contrast to the k—= model discussed in Sect. 5.2, two-fluid models such as
AWE’s introduce a radically different behavior for the KH instability compared
with the RT and RM instabilities:

1. The directed kinetic energy has two components: normal and tangential
to the mixing layer. To be entirely rigorous, these should be deduced
from separate momentum equations, but the drag expression then becomes
rather cumbersome. However, the velocity difference between the fluids is
essentially normal, because it includes turbulent dispersion (3.31), which
is related to the concentration gradient.

2. For practical purposes, the normal directed kinetic energy, Kp is small
compared with the turbulent kinetic energy Kp (of the order of 1%, see
Table 4.1, p. 38) and corresponds to a relative velocity of the fluids that
is close to the velocity of turbulent dispersion (see condition (6.8)).

3. The growth of the mizing zone is limited by the growth of the shear zone
due to turbulent diffusion of the transverse momentum. The equation in
L(t) in (6.5) thus contains /K g rather than v/Kp (as for the 0D reduction
of DAM’s k—= model in (5.6)). The concentration profile is no longer linear,
and its slope at the center is a factor of ¢’ ~ 1.25 less than that of the
transverse velocity profile (see C). As a result, expression (6.2) must be
modified.

The sum of the transverse momentum equations leads to the same equation
as for a single-fluid model (2.6), provided the difference between U and U,
is disregarded, as is permitted by item 2 above. Assuming incompressibility
and zero Atwood number, AWE’s model thus yields the diffusion coefficient
for U, as:

CraVk . (6.9)
Based on the reasoning that led to (5.2), we obtain from this the evolution

equation for L in system (6.10) below, which must also include the equation

2 This approximation is not acceptable in the RT case, because the Kp /Kp ratio
is close to 1.
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of Ay in (6.1) in accordance with item 3 above. Thus we note that L and
2 /A4 represent the lengths of the respective gradients of transverse momentum
and concentration. For the turbulent kinetic energy production terms, we can
disregard the drag (dissipation of Kp) relative to the Reynolds stresses, also
per item 2 above, and based on the reasoning that led to (5.3), we thus obtain
the expressions of the equations for Ky and K in (6.10) (I1p is disregarded
in the equation of K5 as in the RM case above). As for the equation in Kp,
we must note the absence of the source term, which is present in the RT case
n (6.5): the work of the drag ITp now represents a term of Kp production. In
the “0D” projection of AWE’s model, the KH instability is therefore described
by the system:

d Aq
—L - iV K P
dt 8¢ VeKs
%Ad = 2v/3Kp,
d dL AU,
—K; = K A
at ! Ldtl+cd\/§<L)’
d dL
&KD = “Td Kp - IIp,
do AL oy AUN® G CK;/Q
at B TLat”® d g L C; Ay
(6.10)
Taking into account note 1 above, IIp is now written as:
Ip = Ca 28k (23 Kp—4C; \/CKB
44

dV3Kp 3K
+= D4 22D 9 /3Ky, (6.11)
@ 4 i,

as a function of the two characteristic lengths L and A4.°> Here also, by
introducing appropriate power laws in ¢ for the KH case, lengthy and te-
dious though straightforward calculations yield the results summarized in
Table 6.1.

The results of the Kp/Kp ratio are consistent with condition (6.8) only
for the choice Sk = —1 used here (the opposite of that used in the RT and
RM cases). The value obtained for the von Karman number is compatible

3 In the spirit of item 3 above and in order to simplify the expressions, Kp in
equations (6.10) and (6.11) only represents the directed energy at the center of the
mixing zone, kq(0) and not the mean, (kq). Thus a reduction by a factor of the order
of ¢ should be applied to it.
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with the realizability constraint of turbulent fluxes (5.8), and the Reynolds
tensor is positive as with the k— model in Sect. 5.2.

6.2 Calibration of Coefficients C; and Cy
of AWE’s Two-Fluid Model

6.2.1 Effect of the Coefficients on KH, RT, and RM Instabilities

A comparison of Tables 4.1, p. 38 and 6.1, p. 68 shows that the values of the
various energy parameters of the KH, RT, and RM instabilities are generally
well reconstructed by AWE’s two-fluid model. The most pronounced differences
deserve some comments:

e ) is underestimated by about 15%, but it is not possible at this level to
determine the cause: either a bias of the “OD” projection or an unsuitable
value of the coefficient Cy adjusted by comparison with direct simulations
[33] that underestimate Vo;

e 1y is overestimated by 33%, probably because the model assumes Schmidt—
Prandtl numbers of 1/2. A more realistic value of o, = .7 would reduce the
turbulent diffusion, which is dominant in the RM case;

e the von Karman numbers are consistently overestimated, not to much in
the KH and RM cases (25% and 50%), but by as much as a factor of
the order of 6 in the RT case. An adjustment of C; would reduce these
discrepancies, but would be detrimental to the reconstruction of growth
rates;

e Kp/Kp is clearly overestimated by 60% in the RT case, due to a combi-
nation of )y underestimation of and K g /K overestimation by about 30%
(this relates to the large overestimation of xy).

The value of C,, which controls the turbulent viscosity, must retain its
“universal” value as in the k—e model. Thus the only adjustable parameters
of AWE’s two-fluid model are C; and Cy, as a function of which we can draw
contour lines of the growth coefficients using the formulas of Table 6.1, p. 68.
The result in Fig. 6.1 shows:

the weak dependence of coefficients Xs and na on Cy,
the decay of Xn and na as a function of C;,

the decay of VA as a function of Cy,

the growth of VA as a function of C;.

These behaviors are quite natural: in the KH and RM cases, AWE’s two-fluid
model degenerates into a form of k¢ that no longer includes Cy (Kp can
be disregarded, see Sect. 6.1), and the dissipation increases with C;, thereby
slowing the growth; in the RT case, the drag increases with Cy, resulting in a
decrease of ).
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30.

Fig. 6.1. Graphical representation in the (Cj;,Cq) plane of contour lines of the
growth coefficients of self-similar KH, RT, and RM instabilities obtained from the
“0D” projection of AWE’s two-fluid model: (dot-and-dash lines) constant X, spaced
by .25 x X5 (KH); (solid lines) constant Y, spaced by .2 x Ya (RT); (dashed lines)
constant n, spaced by .1 x na (RM); (heavy lines) contour lines drawn from the
combination of recommended model coefficients, as marked by (empty circle) (see
Table 3.1)

The evolutions of the basic parameters for the three instabilities are shown
in Fig. 6.2 as a function of C; when Cj is set at its recommended value, and vice
versa. A value of Cy ~ 16 makes it possible to reconstruct the Youngs constant,
Ya = Vy. We observe that all the parameters remain physically permissible
over a broad range of coefficients around their recommended values.

6.2.2 Stability and the RT Case
with Self-Similar Variable Acceleration*

Regarding the stability of the model, we can examine, as for DAM’s k—= model,
the linear stability of small perturbations and the Rayleigh—Taylor instabil-
ity with self-similar acceleration varying as I" oct™, previously introduced in
Sect. 5.3. The calculation of small perturbations, which is not presented here,
shows stability in a wide zone of values of Cy and C;. The behavior is more
instructive for the Rayleigh—Taylor instability with variable self-similar accel-
eration. System (6.5) is solved by lengthy and tedious though straightforward
calculations to yield:

* © New developments on SSVARTS [54,55] discussed in Sect. 9.3 have noticeably
expanded the findings of this part.
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Fig. 6.2. Graphs as functions of the coefficients Cy at C; = .105 (left), and C; at
Cq = 20 (right) of the self-similar growth coefficients (top) Xa, Ya (left scale), and

na (right scale), and of th
energies, Kp/Kp (bottom),

e ratios of the two-fluid turbulent and directed kinetic
as obtained from the “0D” projection of AWE’s two-fluid

model for the three basic instabilities: (dashed lines) Kelvin-Helmholtz; (solid lines)
Rayleigh—Taylor (Kg/Kp scale on the right magnified by a factor of 10); (dot-and-
dash lines) Richtmyer—Meshkov (scale of n on the right reduced by a factor of 5).
(vertical lines) mark the recommended values of the coefficients (see Table 3.1)

with the equation in U,,:

2
L = Vn X .AFt2 = 4/g2+n) AFt2,
Ca (1-v2CiUy) "+ 3(1+3n/4) /(2+n)
Kr 12 (143n/4) x (AI't)7,
2,2
Kp = T ey,
Kp = Uﬁ(Cu,Cd,Ci) x Kp,
Ry = 20“ ’
(6.12)
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Fig. 6.3. Evolution, as a function of the exponent n, of the normalized growth
coefficient of the mixing zone, V., x (14 n/2)?%, and of the ratio of the two-fluid tur-
bulent and directed energies, Kp/Kp, for a self-similar Rayleigh-Taylor instability
with acceleration varying as t", as obtained using AWE’s two-fluid model

143n/4
V20, UP — 8C; 2cdcf—2+3”/] U2

2+n

bl

(6.13)
while relation (6.2), which gives the von Karman number, remains of course
valid in the case of variable acceleration.

As shown in Fig. 6.3, the characteristic parameters ), x (1+n/2)? and
Kp/Kp do remain finite for all n > —1. The observed asymptotic behaviors
are obtained by taking the limit n — oo of the equations (6.12) and (6.13)
which, with the recommended coefficient values, yields the numerical results:

1+3n/4
24n

Voo =091 x (14+n/2)? and (Kp/Kp)e =~ 5.17. (6.14)

Compared with the case of constant acceleration at n = 0, we observe between
n = —1 and n = oo variations of about +20% to —20% in the normalized

E. E.

Kelvin-Helmoltz Rayleigh-Taylor

Fig. 6.4. Diagram of energy transfers in Kelvin—-Helmholtz and Rayleigh—Taylor
instabilities according to AWE’s two-fluid model. Compare this diagram with that
of Fig. 5.1, p. 50
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growth rate and the Kp/Kp ratio. Below n = —1, these values diverge for
n = ng ~ —1.56. The normalization of ), as (1+n/2)~2 is related to its
expression in (6.12) and will be justified in Sect. 7.4 by formula (7.16), p. 91.

This “quiet” behavior of AWE’s two-fluid model, compared with DAM’s
k—e model, is due to a consistent structure of the exchange paths between the
potential, two-fluid turbulent, directed, and internal energies as diagrammed
in Fig. 6.4. However, this is no guarantee that the model is accurate for variable
acceleration flows, for which few numerical experimental or theoretical values
are available.



Summary of Part 1

In this part, models have been applied to basic flows and their predictions
compared to the known experimental results.

All the turbulent mixing flows considered here, KH (Kelvin—Helmholtz),
RT (Rayleigh-Taylor), RM (Richtmyer—Meshkov), and more marginally SS-
VARTSs (self-similar variable acceleration Rayleigh-Taylor) were self-similar
and reduced to their “0D” averages in the limit of zero Atwood number. The
term “OD” average designates average over the TMZ (turbulent mixing zone),
which, by symmetry, can be readily calculated at zero Atwood number. This
approach not only simplifies dramatically all model analyses (which become
algebraically tractable), but also provides useful insights on the underlying
physical processes, at the expense of approximations with marginal impact.
A systematic procedure for “0D” reduction was given.

Four basic “0D” averaged quantities have been considered here (Table 4.1,
p. 38): the growth rate of the TMZ, the directed energy, the turbulent energy
and the von Kdrmdn number (ratio of integral length scale to the TMZ width).
These quantities are not physically independent (only two are independent)
but may decouple in some models, such as DAM’s k—.

Most noticeable is the von Karmén number, which appears to be signifi-
cantly smaller in RT than in more common KH and RM flows, by almost an
order of magnitude. This unique feature motivated the coining of a specific
name by analogy with the Karman constant.

Analytical ‘0D” responses of the two models retained in this study were
obtained (Tables 5.1, p. 52 and 6.1, p. 68). Although growth rates and various
other parameters are reasonably captured for all instabilities, the von Karman
number of the RT flow is significantly overestimated in both models.

DaMm’s k—¢ also appears to hinge on an unphysical energy path which,
in some cases, is incompatible with the second law of thermodynamics. As a
consequence the response of the model under variable acceleration can become
unphysical (regardless of the availability of experimental data): for instance,
growth of the TMZ as restituted by DAM’s k—¢ is found to overrun the free fall



76 6 Summary of Part II

limit for some SSVARTs. AWE’s two-fluid model is always acceptable according
to this criterion, although its accuracy could be debated.

SSVARTS represent a form of decomposition basis for general variable
acceleration flows, and as such they provide useful test flows for models (as
examplified in the case of DAM’s k—¢).



Part II

Comparative Assessment of Models,
New Development Approaches






7

Comparison of Single-
and Two-Fluid Approaches

7.1 Summary of “0D” Reconstructions
of the Three Instabilities by the Single-
and Two-Fluid Models

The results of the “0D” analyses gathered in Tables 5.1 and 6.1 and discussed
in Sects. 5.3 and 6.2 provide the basis for comparing DAM’s k— and AWE’s
two-fluid models as outlined in Table 7.1. No further comments will be given
on this comparison except for one specific point that is crucial to modeling: the
energy dissipation circuits. The representation of these circuits in Table 7.1 is
rearranged and simplified from Figs. 5.1 and 6.4.

The directed and turbulent kinetic energies, Kp and K, though both of
kinetic nature, have different status regarding entropy. Under the reasonable
assumption of heterogeneous mixing (see Sect. 9.2), after a Rayleigh-Taylor
instability there could readily be a transient retransfer of a sizable portion
of Kp back into potential energy by inverting the acceleration (demixing).
By contrast, the same conversion of K could not be imagined for a Kelvin—
Helmholtz instability, even though in certain specific flows it is possible to
“redirect” a small fraction of K: for example, in localized separation and
recirculation zones of boundary layers, and also more generally in the KH
case, where Kp is fed by K, as clearly shown in the reconstruction by AWE’s
two-fluid model (see Sect. 6.1).

The circuit of AWE’s two-fluid model correctly captures the following prop-
erties:

e two-directional exchanges between Frr and Kp, capturing both mixing
and demixing phases;

e two-directional exchanges between Kp and Kpg, capturing KH type situ-
ations (Kp— Kp) and RT and RM situations (Kp — Kp);

e purely dissipative exchange between Kp and E;, compatible with the sec-
ond law of thermodynamics.

By contrast, in DAM’s k—< model:

A. Llor: Statistical Hydrodynamic Models for Developed Mixing Instability Flows,
Lect. Notes Phys. 681, 79-92 (2005)
www.springerlink.com © Springer-Verlag Berlin Heidelberg 2005
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Table 7.1.

7 Comparison of Single- and Two-Fluid Approaches

Comparative table summarizing the main differences between Dam’s

k- model and AWE’s two-fluid model applied to KH, RT, and RM instabilities in
the incompressible limit at zero Atwood number

Property

Dam’s k— model

AWE’s two-fluid model

Reconstruction of
KH and RM
instabilities

Correct:
The model was designed
to reconstruct two flows
very closely related to
KH and RM: boundary
layer turbulence and grid
turbulence decay.

Correct:
For these instabilities, the
model degenerates into a
form of k—¢.

Reconstruction of
RT instability
with constant or variable

acceleration

Incorrect:

No choice of parameters
can both yield the exper-
imental growth rates and
keep the model stable
when acceleration varies.
The reconstructed
growth rate is at best of
the order of 30% of the
observed rate.

Correct:
But the von Karman num-
ber is overestimated by a
factor of 6 because there
is just one characteristic
length scale.

Relative flux
between fluids
(velocity difference), or
directed Kkinetic energy,

Implicit:
Entirely contained in
turbulent diffusion. Kp
is included in the tur-

Explicit:
Momentum equations of
the fluids with drag term.
Closure of drag makes it

Kp bulent kinetic energy, possible to capture behav-
K, from which it is not iors dominated by either
distinguished. diffusive effects (KH, RM)

or directed effects (RT).
Dissipation circuit Fx ERT ERT Fxu
of energy sources of 1 1 i ]
instabilities, Fxy and K — Ky Kp <~ Kp — FEj
(=Kp+Kp) (=K—-Kbp)

ERr, into internal
energy, Er

Distinctive features
of the dissipative circuit
in RT

Possible inconsistencies
depending on
coefficients:

e growth faster than free

fall,
e violation of second law.

Consistency over
wide range of
coefficients:
Ensured by the inclusion
of evolution equations for
all energies, the balance of
which is always dissipative.




7.2 About the “Rayleigh-Taylor” Source Term in Single-Fluid Models 81

e FEgr is coupled with E; in a way that is necessarily two-directional (via
the mean kinetic energy, see Fig. 5.1) through the “reversible” term for the
work of pressure;

e Fy is coupled with K = K+ Kp also in a two-directional way to allow
both dissipation and transfer of EFrr into Kp+Kp.

Given that in the incompressible limit, E; reduces to a receptacle of dissi-
pation, DAM’s k—¢ model thus leaves open possibilities for thermodynamic
inconsistencies if precautions are not taken.

The following two sections analyze how these dissipation circuits are
embodied in the statistical equations, starting with a general single-fluid
approach, then establishing the link between the single- and two-fluid ap-
proaches. This leads to suggestions for improving the models: extended single-
fluid models and degenerate two-fluid models.

7.2 About the “Rayleigh—Taylor” Source Term
in Single-Fluid Models'

The Boussinesq-Reynolds closure applied to the turbulent mass flux u} in
the so-called “Rayleigh—Taylor production” term in (2.17), wrr, might seem
natural and consistent with the general methods of turbulence modeling. The
“Intuitive” argument usually provided a posteriori to justify it [142, §2.1] is an
analogy with the baroclinic vorticity production term, Vp A Vp, “averaged”
over a random distribution of the fluids in the mixing zone. Although reas-
suring by its simplicity, intuitive character, quick implementation into codes,
and “suitable” performance for reconstructing certain experiments, this closure
introduces numerous difficulties, of which we can cite the following;:

1. The model (2.17) was first used outside of the DAM to treat compressible
single-fluid flows other than mixing instabilities (boundary layers, etc.)
under a set of fairly restrictive assumptions [61, 63,79, 80, §16.3] (ideal
gas, homogeneity of stagnation thermodynamic conditions, etc.). More
recently, other authors have proposed, without changing the general form
of the closure of u}, that the coefficient 0, associated with it depends on
the turbulent Mach number M, = k"/2/c, (63,143,144, §3.3]: thus u} is
canceled in the incompressible limit.

! © This section was the very first written in this report, in 1998, and the
importance of the related entropy aspects was not fully realized at this stage
(although some specific entropy considerations appear in other places as E).
However, interesting constraints should be deduced from general analysis of entropy
equations in turbulence models [141]. An other related aspect is the pressure
decomposition in the two-fluid approach of Sect. 3.1 which should have been given
in a more conventional and consistent way, with different fluid pressures PE.
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2. When the product (p),:(g),; is positive (demixing, stratified turbulence,
etc.), the destruction of turbulence often seems too strong to permit suit-
able reconstructions. Thus modelers have introduced limiters, and even
the complete cancellation of the “Rayleigh—Taylor term” based on purely
empirical basis instead of physical considerations or realizability con-
straints [3-6,8-11,13-17].

3. As was discussed in Sect. 5.3, Rayleigh—Taylor instabilities are not recon-
structed in a way that is both precise and stable, and certain choices of
coefficients lead to violations of the second law of thermodynamics.

The theoretical principle underlying all these difficulties is that the model-
ing of uj, which appears in the equation of gk in (2.11), cannot be dissoci-
ated from that of the corresponding terms in the other energy equations. In
the Boussinesq—Reynolds form, the “Rayleigh—Taylor term” creates turbulent
kinetic energy from the reservoir of internal energy, hence the problems of
compatibility with the second law of thermodynamics. This was shown in the
“0D” reduction of the model in Sect. 5.2 and Fig. 5.1, and was illustrated for
the self-similar RT instability in Sect. 5.3. Therefore, we must take a general
look at ways to remedy these deficiencies.

Before attempting any modeling, we must note that the choice of a decom-
position for the various terms in the statistical equations is not always neutral,
even though mathematically exact, because it corresponds to implicit phys-
ical hypotheses that orient the closures and noticeably modify the modeled
flow. The first two trivial decompositions of the “Sound and Rayleigh—Taylor”
terms in the energy balance (2.11) are easily demonstrated [142, §2.2]:

9 — Sound and RT 1: Reynolds average 2: Favre average

oL - P, | | -p@), - | | P P (w),

L e I N R - (),

N R -0, m+®) 0| | -®),U

diof o - em, | |-0m), ~ (U, ~ (pi)
(7.1)

The former emphasizes the Reynolds averaged overall motion, and the ] term
is thus associated with the exchange between the mean and turbulent kinetic
energies, because exchange between internal and turbulent kinetic energies
is now forbidden. The latter corresponds to the Favre averaged overall mo-
tion, and thus produces the exact inverse to the former, forbidding exchange
between mean and turbulent kinetic energies.

Naturally, these two extremes are meaningless, because exchanges with
internal energy result from compressions due to both the mean motion and the
turbulent motion. Although the work of the Favre averaged pressure p(U;) ;
is not explicitly present in (2.11), its dual term (p) ; U; is indeed there, and
to obtain the distribution of transfers, we must analyze its nature. It can be
written:
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ou; Uy i Ug i 0U; i
(Ui),Z:(Q) :99,+(9), (oiow _|o

i ui
. (9),7

u
: (7.2
0 0 0 0 (7:2)

%

where

0 U, do
o <dt> (7.3)

which shows the coexistence of two contributions of very different types in
divU, the first due to fluid compression (Favre average of divu) and the
second due to non-uniform density (correlation between density gradients and
velocity fluctuations). Using (7.2), we can thus provide a third decomposition
of the “Sound and Rayleigh-Taylor” terms:

[ Sound and RT

%@ ...... - p(w),
Lok ..... — (), ui
ZoU%, .. | — () ZUZ
Lof ..... |- (Pw), (7.4)
r 3: Compressions and density heterogeneities
po(ui),/o : +70 (W) ;/0
_ : —p(0),;ui/o—po (ui),;/o— (Pui) ,
- (), U
- (U, . =),

The terms in gu;; and () ; u; in (7.2) are necessarily associated with transfers
to internal and turbulent energy, respectively. This makes it possible to prop-
erly account for the two limit behaviors: incompressible fluids or homogeneous
density. Then the overall balance shows that the turbulent mass flur disap-
pears completely due to exchanges between different types of energies and is
reduced to a turbulent kinetic energy flux term. Naturally, we now see several
new terms that require as many specific modelings and associated assump-
tions. Incidentally, the term puj is grouped with the term p/uj in (2.11) to
give the flux by correlations between pressure and velocity fluctuations, p u7,
which is classically separated and modeled in the equation of turbulent kinetic
energy of an incompressible homogeneous fluid [61, §6.3].

We note that the correlation (o) ; ui between density gradients and velocity
fluctuations is central to the exchanges between mean and turbulent kinetic
energies in (7.4). The modeling of this correlation can by no means be reduced
to a simple closure on kinematic criteria, unlike what has been done abusively
for the turbulent mass flux, except when invoking specific assumptions of uni-
formity of the equation of state and of the stagnation density which obviously
do not apply to Rayleigh-Taylor instabilities [61,63,79,80, §16.3]. In the case
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of mixing instabilities, modeling is greatly simplified by use of the two-fluid
description, as is shown in Sect. 7.3 below.

The “Sound and RT” terminology used so far to designate the average
pressure terms in the statistical equations can now be justified from (7.4):
“Sound” stands for all the energy exchanges involving compression (i.e. with
internal energy) whether slowly varying, propagative (waves, shocks) or ran-
dom (noise), whereas “RT” stands for the incompressible energy exchanges
(i.e. between mean and turbulent kinetic energies) thus involving density gra-
dients only. The latter is the genuine production term of turbulent kinetic
energy in the Rayleigh-Taylor instability.

7.3 Two-fluid Realizability of Single-Fluid Closures
of Turbulent Fluxes

The constraints introduced by the single-fluid description in the case of a mix-
ing instability between different fluids can be clearly analyzed by combining
the two-fluid statistical equations into their “common mode.” Decomposing
the single-fluid quantities into two-fluid quantities and taking into account
relations (3.6) and (3.7a), we have for any per mass quantity a:

oau; = pau; — oal; _ .
T T, =, - —Clo o
= ctoau; + ctoalU;” + c™pau; + c~pal; fga?Ui —0 ?U

7

ctoac—o—cpacto
0 Q, 0 Q5U¢

= ¢t gauj‘ + c oau; +

o
= ctoaul + cpau; +CTC 9 (AT — A7) dU;

(7.5)
where the A% are the Favre averaged per mass quantities for each fluid as
defined in (3.4).

The total turbulent flux in (7.5) thus comprises the turbulent fluxes for
each fluid, as well as a directed contribution related to the interpenetration
velocity of the fluids U =U U ~. For the quantities considered here, namely,
concentration, fluctuating velocity, mass, and internal energy, we thus obtain:

octu=+CTC~p U, ,

75 =CtC= 08U, 6U; +ctr)+cr,

(7.6)
_ 1 1 -
uj =CtC~p <+ - _) SU; + ctuf +cmuy
0 0
— ey [ CToe e T -
oeu; =CTC™ o — - = o0U; + ctoeu; + ¢~ peu; .
cto c o
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For the advective part of the turbulent flux of turbulent kinetic energy, the
relation is more complicated, because it must be expressed as a function of
the turbulent kinetic energies of the fluids within their own reference frames
according to (3.12b). The demonstration given in D leads to:

TooF ==
okuj=3CTC" o (ch _ ok

§U; + ctoktuf + e ok—u;

cto c o
— (CT=C7)CTC~ 3[(8U)*s]) 8U; .
7.7)

Compared with the general expressions in (7.6), there is now an additional
term cubic in U, which is a directed flux of directed kinetic energy.

It must be emphasized that there is no explicit contribution of fluctuations
in the turbulent concentration flux octu}: by definition, the two-fluid approach
entirely captures the flux of fluids by means of the evolution equations, instead
of an algebraic closure of the turbulent diffusion as in the single-fluid case.
This is the fundamental reason for the superiority of the two-fluid approach
for mizing instabilities. Naturally, as already proposed [145], it is always pos-
sible to supplement a single-fluid statistical model with an evolution equation
for the turbulent concentration flux. The two approaches become formally
equivalent. However, here again, the directed and turbulent contributions in
each term of the statistical equation of pc*wu] are not separated, which makes
modeling tricky.

It is of interest to compare the contributions of the various terms in the
turbulent fluxes in (7.6) and (7.7):

e In the case of the Reynolds tensor, the “OD” approach of instabilities as
described in Sect. 4.3 shows that the ratio of the absolute values of the
directed and random contributions is of the order of Kp/Kpg at the center
of the mixing zone: typically a few percent in the absence of a driving term,
but up to 25% for an RT instability. If we now compare the components
of the Reynolds tensor along dU, direct simulations for the RT case show
an even higher ratio, of the order of 50% [33].

e For the turbulent flux of turbulent energy, this ratio is often smaller: as-
suming that the turbulence levels are nearly the same in the two fluids,
the linear directed contribution cancels, and the ratio of cubic directed
and fluctuating contributions is thus of the order of (Kp/Kp)¥?.?

e In the case of the turbulent mass flux, the situation is often reversed: in
the limit of incompressible fluids, we have ¢t o = o (without the mean)

and thus ctuf = c*oul/p* = 0 by the definition of u*. Thus to within

a factor, u] is identical to the turbulent concentration flux, pctuj.

2 Note that the ratio behaves as (Kp/Kp)"? if there is asymmetry between the
turbulent fields.
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e Finally, as already studied [139, 140], we note that for the turbulent flux
of internal energy, the two-fluid expression is always compatible with
changes of the thermodynamic references, in contrast to the single-fluid
Boussinesq-Reynolds closure, for which it is necessary to impose o, = o,.

Relations (7.6) and (7.7) are rigorous, even for miscible fluids, and repre-
sent major realizability constraints for the single-fluid models. They are the
basis for certain mixing flow models [34,35] that could be described as degen-
erate two-fluid (or extended single-fluid) models. Furthermore, they provide
insight on the nature of the “Rayleigh—Taylor” production term of the single-
fluid approach. Indeed, according to (7.6), the single-fluid “Rayleigh-Taylor”
production term of k is written as:

— 1 1 —_— —
— (T?)z wW=-CTC" 3 (Q* - g) (T))Z oU; — (ﬁ)Z (ctuf +cu;). (7.8)

By comparison with (3.14), we then recognize the production terms of mean
kinetic energies for each fluid, in f(ﬁ),iUii, which must be present in order
to feed the directed portion of the single-fluid turbulent kinetic energy, kg,
defined in (3.13). Moreover, as was noted above, the “Rayleigh-Taylor” terms
for each fluid are not noticeable contributions to the production of k. Thus the
intuitive interpretation in terms of the mean of the baroclinic term [142, §2.1]
cited in Sect. 7.2, cannot be accepted. The two-fluid approach clearly identifies
the turbulent energy production in (3.16) as the work of drag that dissipates
the directed kinetic energy. Because kg is not distinguished from k in the
single-fluid k—e model, we cannot reconstruct an energy dissipation circuit
equivalent to that of the two-fluid models.

7.4 The “Two-Fluid Extended” Single-Fluid Approach
or “Drift Degenerate” Two-Fluid Approach

As was discussed above in Sects. 7.1 through 7.3, the single-fluid models can-
not correctly capture RT instabilities because the models are too “simple”; in
other words, they do not explicitly contain separate treatments for the tur-
bulent and directed energies. Although these concepts are defined within the
framework of a two-fluid analysis, they can still be incorporated into a single-
fluid approach. The resulting descriptions can be equally called, depending on
one’s individual perspective, either extended single-fluid or degenerate two-
fluid models.

One way of simplifying a two-fluid model to obtain a consistent single-
fluid model is to degenerate it into a “drift” model, also known as a “drift
flux” model. This involves replacing the two equations of fluid momentum,
a®p*U®, with one equation for the total momentum U and one algebraic
closure of the velocity difference between the fluids, 0U. The usual procedure
for this, based on the example of the ASM (Algebraic Stress Model) [146],
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consists in writing the evolution equation of 60U deduced from (3.9) with the
closures of the model in Sect. 3.2:

% 6U7f + U]+(Uz+)7.7 - Uji(U'Li);J
= 20U + (C7US + CTU;)(6U;) ; + 0U;(Us) 5 + (CF) ;6U;0U;
1

- <91+ - 91‘> ®)i = (a+9+ " a‘lg‘) i
(7.9)

and assuming that the time and space variations of U are negligible. By also
disregarding the coupling terms to the mean deformation (which is tensorial)
and to the concentration gradient (quadratic), we obtain the relation:

3

+_ —
Df = ata- % @) - (7.10)

The expression for D* from AWE’s two-fluid model in (3.30) and (3.31) then
leads to the algebraic closure:

(p),i .

+ ot -y, N lot—o—
(a 0 ),1 (a 0 ),1>+ d |Q 0 |Sgn(g+—g_) :

Ui = D - 2d e el
v ( atet oo Ca V3l

(7.11)
In addition to the turbulent dispersion term, U contains a term in the di-
rection of (p) ; which depends on the Atwood number and the characteristic
size \g, but not on the volume fractions a*. Moreover, the contribution of
the added mass disappears, because the temporal and spatial variations of §U
are disregarded. Using this relation, the fluid velocities are substituted into
all the equations of the model using the relation (3.8).

Here again, the behavior of AWE’s “drift” two-fluid model can be com-
prehended using the “0D” approach. For this, there is no need to repeat all
the explanations given for the original model in Sect. 6.1, because the “drift”
closure provided here for the momentum transposes in “OD” onto the directed
energy. Thus we need only return to the equations of the complete model
(6.5) and (6.10) where dKp/dt = (dL/Ldt)Kp = 0 is imposed, and eliminate
the contribution of the added mass in the expression for ITp in (6.6). The
resulting equations are solved along the same lines as for the complete model,
keeping condition (6.8). The results are summarized in Table 7.2.

A comparison of the results for the complete and “drift” versions of AWE’s
two-fluid model show discrepancies of the order of 20% for the growth rates
and Kp/Kp ratios, while the other parameters are fairly close. Thus within
this error margin, the behaviors as a function of C; and Cy are entirely compa-
rable (see Figs. 6.1 and 6.2, p. 71 and 72; the equivalent for the drift model will
not be given here). We also note the complete decoupling of all the quantities
from coefficient Cy in the KH and RM cases.
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7.4 The “Two-Fluid Extended” Single-Fluid Approach
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0.2

n N

Fig. 7.1. Evolution, as a function of the exponent n, of the normalized growth
coefficient of the mixing zone, YV, x(n+1)(n+2)/2, for a self-similar Rayleigh—Taylor
instability with acceleration varying as t", as obtained using the degenerate “drift”
version of AWE’s two-fluid model (solid line). For comparison, the result for AWE’s
complete two-fluid model is also shown (dashed line). The asymptotes are also shown
(thin lines)

The response to an acceleration varying as t" is calculated in the same
way as for the complete model, and yields:?

4/(2+n)?

L = Y, xAIl't? = 5 AI't?,
Ca (1-V2C;U,,)
(1+n/2)Yy 2
K = ~— 1" It
I = To(gana <A
24,2
Kp = (1+n1/22) n o (AT, (7.12)
Kp = Z/{g(Cu,Cd,Ci) x Kp,
K = Ci
b - 20# )
with the following equation in U,,:
1 4
V20, U2 — 8C; 20(103—2%’;/ U+ 16v20,C* U, — 8C,C; = 0,

(7.13)
As with the complete model, all the quantities remain finite and reasonable
for all n > —1, and converge toward the asymptotic limits:

Voo = 111 x (14n/2)? and (Kp/Kp)eo =~ 4.91, (7.14)

3 (@ New developments on SSVARTS [54,55| discussed in Sect. 9.3 have noticeably
changed and sometimes contradicted the findings in the remainder of this part.
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which can be compared with (6.14). As shown in Fig. 7.1, the relative dis-
crepancy between the two versions is fairly constant and is of the order of
20% as n— oo, which might seem surprising since, a priori, the “drift” model
should not capture large transient effects very well. Below n = —1, the “drift”
model diverges for n = ng ~ —1.60, a value very close to that observed for
the complete model.

Therefore the “drift” model appears as an interesting compromise between
complexity and performance, because the observed discrepancies can be read-
ily compensated by calibrating the coefficients (which will not be elaborated
here). Moreover, a single-fluid model can be readily obtained by degenerating
the internal energy equations. This would make it possible to extend the clo-
sures to render the single-fluid models compatible with the two-fluid nature
of the flow. The identities (7.6) combined with (7.11) give an example of what
such an “extended two-fluid” k- model might contain:

— T —m + ~— A ‘Q 0 ‘ + =\ (7
—+.,,% + d S n
oc Ui——QD C i —|—O C — gn (o 0 Pl

m 1 I ST R ST 7. -
ﬁ'j :m QCiUi QCin +2/3k6” —Vtg[(U1)7J+(UJ),Z] 5 (715)

_ 1 1\ —
w2 )

We now see complementary terms on the Boussinesq—Reynolds closure, which
somewhat resemble those obtained by the ASM method [146]. An approach of
this type has already been the subject of theoretical and numerical studies by
A.V. Polyonov at the VNIITF in Russia under the name “heterogeneous k—¢”
or “Hk—" [18-21], but it does not seem to have been used in a production
code.

The “drift” approach is the basis for a simple approximation of the RT
mixing zone growth in the case of a randomly variable acceleration [31,32,118,
119], which is in fairly good agreement with experimental observations [118—
121]. According to (7.11), neglecting the turbulent diffusion and assuming a
constant ratio of Ay over L, we obtain the relation 0U oc L' oc v/ LAI, which
when integrated becomes:

L(t) = Yo A </0th5)2 . (7.16)

The normalization in 1/(1+mn/2)? used in the graphs of ), in Figs. 6.3
and 7.1 was obtained by applying this formula to I'(t) o ¢™. Thus it is not
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surprising that it makes coefficient ), nearly constant, in contrast to the free
fall behavior in 1/(14+n)(1+4n/2). Approximation (7.16), which derives from
the formulation of drag in a Newtonian regime, is thus characteristic of the
two-fluid nature of RT flows.*

* © Equation (7.16) seem’s to have been first derived on somewhat different
arguments by K.I. Read [118], hence its designation as “Read’s formula” in later
publications [54,55].
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Specific Treatment of Shocks:
Constraints on Models!

8.1 Qualitative Phenomenology of Interaction
between a Shock and Velocity or Density Heterogeneities

Before examining the phenomenology of the interaction between a shock and
turbulent or material heterogeneities, it is useful to recall that the turbulence
of a compressible fluid has two components that are very different in nature.
As is reviewed in B, the velocity fluctuation field can be decomposed into di-
vergent irrotational and nondivergent rotational parts, respectively [147-149].
Only the latter is present for an incompressible fluid. Despite certain formal
difficulties and the fact that the two fields evolve in a coupled way, this de-
composition provides an intuitive understanding of the nature of compressible
turbulence and the effect of shock waves [148,149]:

e The rotational part is associated with the vorticity and is thus essentially
transported by random eddies in what appears on average as a diffusion-
like process. It is dissipated by the inertial cascade down to the Kolmogorov
scale.

e In contrast, the divergent part is associated to exchanges with the internal
energy of the medium by means of volume variations and thus experiences
a wave like propagation at a velocity similar to that of sound. Its dissi-
pation is dominated by disordered “shock wavelets” induced by nonlinear

! One could be surprised by the notably different lengths of the discussions
devoted to self-similar incompressible instabilities on one hand (Chaps. 4 through
7) and shocks on the other hand (Chap. 8), given the importance of the latter
for the DaM. This reflects how greatly the literature on these two subjects differs
with regard to both phenomenological understanding and sophistication of models.
Therefore, this chapter is primarily a qualitative discussion of a research strategy,
rather than a quantitative and critical review of existing models.

@© Since the first version of this chapter was written in early 1999, little if no
progress has been recorded in the literature. The modeling strategy discussed here
stands today just as it did then.

A. Llor: Statistical Hydrodynamic Models for Developed Mixing Instability Flows,
Lect. Notes Phys. 681, 93-106 (2005)
www.springerlink.com © Springer-Verlag Berlin Heidelberg 2005



94 8 Specific Treatment of Shocks: Constraints on Models

Fig. 8.1. Schematic representation of the interaction of a shock with a turbu-
lent medium (numbering same as in text): (0) initial state of isentropic, isotropic,
homogeneous, subsonic compressible turbulence; (1) main shock zone; (2) zone of
supersonic turbulence, of negligible thickness in the limit of weak shocks; (&) zone of
subsonic turbulence and strong compression; (4) zone of anisentropic, anisotropic,
subsonic compressible turbulence (slow relaxation). The usual turbulence models
based on the assumption of weak gradients are only applicable to zones 0 and 4.
The thickness of zones 1, 2, and 3 is often negligible, so the shock description can
be reduced to the jump relations between states 0 and 4. The phenomenology is
equivalent for the interaction with a heterogeneous medium

interactions. This dissipation is small when the turbulent Mach number,
k' /¢s, 1s less than one, but becomes very efficient in the transonic region,
to the extent that supersonic isotropic homogeneous turbulence has never
been observed (nor treated theoretically) [148,149].

Shock passage through a turbulent medium is a problem of greatest inter-
est in aerodynamics, and has thus been extensively studied since the 1950s
[60, 150, 151]. However, quantitatively relevant direct 3D simulations of the
simplest cases, such as a plane shock in a gas with isotropic homogeneous
turbulence [152-157], have become available less than ten years ago. As a
result, many of the uncertainties regarding experiment interpretations have
been resolved, and a basic qualitative description is now available that we
shall here extend to the case of a heterogeneous fluid [60]. Globally, the in-
teraction with a turbulent medium causes the physical shock to spread over a
finite width, within which a succession of four very different dissipative zones
can be distinguished [60,152-157], as diagrammed in Fig. 8.1:

1. Main shock zone, or near field zone: the initially plane shock surface
is distorted through interactions with heterogeneities, but in the steady
regime it remains, on average, plane with a uniform velocity if the initial
medium is, on average, homogeneous. For a strong or medium-strength
shock, the major portion of the dissipation occurs as the wave passes,
perturbing the characteristic heterogeneities of the medium through two
distinct mechanisms:
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e by creating entropy heterogeneities due to velocity fluctuations of the
medium (which may be isentropic in the upstream state); these are
especially noticeable for shocks at Mach greater than 1.5;

e by creating velocity fluctuations due to heterogeneities of the ther-
modynamic state of the medium (which may be nonturbulent in the
upstream state); these are more intense as the Atwood number departs
from zero.

The resulting turbulent velocity field downstream is not in spectral equi-

librium and displays:

e an increase of divergent fluctuations (which can become supersonic if
the shock is sufficiently strong);
practically unchanged longitudinal fluctuations of vorticity;
an increase of transverse fluctuations of vorticity due to the decrease
in the gradient lengths in the direction of the shock;
an increase in the microscopic dissipation rate &,
in the two-fluid case, an increase in the transverse vorticity fluctuations
and the interpenetration velocity at small scales, due to the differences
in shock velocities and impedances between the two media;

e and last, a decrease of most of the characteristic fluctuation lengths
(integral, Taylor, Kolmogorov, fluid dispersion, and other scales).

2. Zone of secondary shocks and evanescent waves: the secondary
shock wavelets created by the multiple reflections, refractions, and relax-
ations of the principal shock against heterogeneities are rapidly dissipated,
bringing turbulence down to a subsonic regime, however without restor-
ing spectral and isentropic quasi-equilibria; at the same time, the non-
propagating or evanescent acoustic modes relax. The thickness of this
zone becomes negligible in the limit of weak shocks.

3. Zone of redistribution of turbulent modes: because of nonlinearities
of the hydrodynamic equations, the excess divergent turbulence is trans-
formed into rotational turbulence or is transported far downstream by
acoustic waves, and the correlations between vorticity and the principal
directions of deformation return to normal.

4. Zone of relaxation toward spectral equilibrium, isotropy, and
isentropy, or far-field zone: of these three slow mechanisms dominated
by turbulent dissipation, the first two are included in most models, but
the last is often unduly ignored. Shock—turbulence interaction creates het-
erogeneities of the stagnation thermodynamic state, even if it is uniform
in the upstream state, and its further relaxation is due to turbulence.

The usual turbulence models are applicable only in the last of these four zones,
where the gradient lengths of the various mean quantities are not shorter than
the characteristic turbulent scales. Modeling of the first three zones involves
specific problems, which might require the introduction of additional vari-
ables and statistical correlations such as divergent and rotational fractions
of the turbulent fluctuations, non-normality of correlations, anisotropy, etc.
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However, assuming that the thickness of these three zones is negligible com-
pared with the scales of the investigated flow, or with the characteristic thick-
ness of the numerical spread of the shocks, then the description of these zones
can be simply reduced to giving the jump relations for the otherwise already
modeled quantities.?

The interaction between shock and heterogeneities has the same global
phenomenology as shock-turbulence interaction, with several adaptations.
The rapid relaxation behavior of the divergent component of the turbulent
velocity field is conserved in zones 2 and 3. By contrast, the possibly large
discrepancy between the Hugoniot curves of the system components will in-
duce large differences in the mean velocities of the different heterogeneities
at the beginning of zone 2. In the two-fluid approximation, if [U*] are the
velocity jumps of the two components as given by their respective Hugoniot
curves for a common pressure jump equal to the jump of the mean shock pres-
sure, [p], the difference between mean velocities in zone 2 will be estimated
as 0U ~ [UT]—[U~]. Depending on the characteristic dimensions of the
heterogeneities perturbed by the shock passage, the velocity differences will
then relax more or less quickly due to drag, by converting a portion of the
mean directed kinetic energy into turbulent kinetic energy. The modeling of
drag, which is crucial at this level, cannot be reduced to usual expressions of
type (3.30), which are valid only in the far field.

8.2 Preliminary Comments on Modeling
of Shock—Heterogeneity Interaction

For industrial applications, modeling of shock—heterogeneity interaction is ba-
sically reduced to the shock—turbulence case, and with widest use in aerody-
namics. Thus most models applied to this problem are used in a particular
context: steady flows, shock-induced energy dissipation into mostly internal
energy, dominant effect of boundary layer in production and destruction of
turbulence, emphasis on the reconstruction of the Reynolds tensor (drag) and
thermal flux (heating), etc. The adaptation of these models to capture shocks

2 This analysis might seem incorrect in the limit of weak shocks, at [U?] <
l%, where the turbulent viscosity could, in place of the molecular viscosity, be the
dissipative mechanism to stabilize the shock front. If this mechanism was dominant,
the spreading thickness of the shock would be of the order of A, ~ k2 /(€ ¢s) (where
¢s is the mean sound velocity). In fact, the turbulent viscosity is a relevant quantity
only at dimensions greater than the integral length scale given by (2.15), and the
condition A; < A then leads to ¢? < k, that is, a supersonic turbulence! Thus
in all practical cases, the molecular-scale dissipation mechanisms do stabilize the
compression waves. Although the hydrodynamic limit is not strictly valid at these
scales, these mechanisms are reasonably represented by the molecular viscosity and
the molecular thermal conduction (associated, respectively, with 7;; and 6; in (2.1),
and with 7; and 6, in (2.6) and (2.11)).
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is often rudimentary: the energy in the shock zone is dissipated into internal
energy by artificial viscosity or by a Riemann solver, and limiters are applied
to the first gradient closures to avoid diverging quantities in the shocks.

This approach appears to be acceptable (and accepted) in many aerody-
namic applications. However, as was generally discussed in Sect. 8.1 and will
be demonstrated using an example in Sect. 8.4, it cannot describe, even ap-
proximately, the evolution of the major turbulent quantities. Considering the
importance of turbulence in the evolution of mixing layers, the DAM appli-
cations require a more refined modeling of shocks. We will use the approach
mentioned in Sect. 8.1, where only the jump relationships between the up-
stream and downstream zones far from the shock are described (zones 0 and
4 in Fig. 8.1).

Within this approach, there are major difficulties in physically describing
shocks in turbulent and /or mixing environments. Indeed, and contrary to what
is often claimed [158], jump relations cannot be obtained merely by considering
weak solutions (in the distributions’ sense) of equations verified in the absence
of shocks [159]:

1. A shock always involves a mechanism that dissipates kinetic energy. In a
simple non-turbulent fluid, this dissipation must lead to internal energy.
For a given shock velocity, the conservation equations of mass, momen-
tum, and energy are then sufficient to uniquely establish the downstream
characteristics (whence the Hugoniot curve), and this appears as com-
pletely independent of the dissipation mechanism which is specific to the
fluid being considered [160,161]. However, in a turbulent fluid, a hetero-
geneous mixture of fluids, or a fluid lacking local thermodynamic equilib-
rium, there are several reservoirs of energy that can absorb dissipation:
turbulent kinetic energy, internal energies of the various fluids, ionic, elec-
tronic, and radiative energies, etc. The Hugoniot cannot be determined
based on the conservation relations alone, because the distribution of dis-
sipation is related to the particular nature of the dissipative mechanisms
in the system [159-161]. Thus a suitable treatment of shocks requires
explicit hypotheses for these mechanisms, as well as a closure in the sta-
tistical models.? In the particular case of shock-turbulence interaction,
these hypotheses are not crucial for stability, because the internal energy
most often dominates the turbulent kinetic energy, and the dissipation in
a shock essentially goes into internal energy (even though the jump of k
must be specifically described, see Sect. 8.4).

2. In the two-fluid case, the above problem is exacerbated by the large num-
ber of energy reservoirs, and especially by the possibility of momentum
exchange. For example, in AWE’s two-fluid model, when the drag and
Reynolds stresses are disregarded, integrating the momentum equations

3 It is even imaginable that there can be shock separation phenomena, like those
observed in radiative hydrodynamics or for materials undergoing phase changes [160,
161].
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over a stationary discontinuity along the z axis yields the jump relations:

1
[a®(*UEUE + P)]S = / (a®), Pdz =+F . (8.1)
0

The right hand side cannot be integrated unambiguously in order to fully
define the jump relation, because it is not the divergence of a flux. This
is a momentum exchange term within the discontinuity which, assuming
that P and a* are monotonic, can take any value between Py[a*]} and
Py[a*]}. In fact, the zero discontinuity is a limit that does not need to be
considered in the case of multifluid flows, even though it retains a physical
sense in the single-fluid laminar case. Indeed, as was presented in Sect. 8.1
and illustrated in Fig. 8.1, a shock interacting with heterogeneities and
described as an ensemble mean, is necessarily spread and involves redistri-
bution mechanisms between the various contributions to momentum and
energy. The exchange term F in (8.1) thus characterizes the global bal-
ance of these redistribution mechanisms, and only one jump relationship
for the total momentum is available.

3. In the two-fluid case, shocks induce an increase in the turbulent kinetic
energy by interacting both with the turbulent velocity field and with the
heterogeneous mixed structure. These two distinct mechanisms (each is
observable in the absence of the other) thus must be modeled.

4. Besides the energy aspect, a shock generates perturbations of all the pa-
rameters describing the flux terms and conversion terms in the conser-
vation equations. In particular, the major propagation direction of the
shock necessarily changes the anisotropy characteristics of the fluctua-
tions (for example, for the Reynolds tensor). The other important quantity
for describing turbulence is the dissipation rate of turbulent kinetic en-
ergy, € = —7;;(u),j/0, whose evolution equation is modeled heuristically
from the equation in ok without taking into account the effect of possible
shocks. All these quantities must therefore be specifically modeled in the
presence of a shock.

Along with these difficulties related to the description of dissipative phe-
nomena in a shock, there are also difficulties associated with possible spurious
dissipations introduced by the physical modeling and numerical treatment:

5. At the modeling level, Boussinesq—Reynolds algebraic gradient closures
yield divergent and non-physical turbulent fluxes in the shock zones, be-
cause the characteristic gradient lengths are much smaller than the tur-
bulence scales (see Sect. 8.1). In the absence of other modelings, it is thus
mandatory that all closures that might potentially display such behavior
be subjected to adiabatic corrections (discussed in E) and limiters, for ex-
ample those deduced from realizability conditions [61, §4.6], [139,140]. In
the case of weak shocks, which are by definition quasi-isentropic, adiabatic
correction of the fluxes can entirely correct the nonrealizability.
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6. At the numerical level, an artificial dissipation mechanism, usually viscous,
is introduced to generate the entropy source during shock passage [81]. Its
value, which is much greater than that of the physical dissipative phe-
nomena, is adjusted so that the shock zone typically spreads over two or
three calculation mesh cells. As has been discussed elsewhere for a simple
non-turbulent fluid [162], the detection of shock zones and the calculation
of artificial viscosity stresses must always be deduced from an analysis of
the tensor of the velocity field gradients, for reasons of thermodynamic
consistency that will not be reexamined here. In simplified terms, it is
assumed that shocks are present only at points where the velocity field,
filtered of any possible isentropic compressions, displays a direction of fluid
compression. In the case of compressible turbulence, the Favre averaged
velocity field depends partly on the dynamics of the density fluctuations,
and thus does not allow one to specifically characterize the fluid compres-
sion, as the expression for divU in (7.2) shows. An artificial dissipation
mechanism must thus introduce the Reynolds averaged velocity field. We
emphasize that giving both the Reynolds and Favre averages for u deter-
mines the turbulent mass flux, w”, which appears in the “Rayleigh-Taylor
term” and the modeling of which was discussed in Sect. 7.2.

7. The retained modeling must not depend on the characteristic numerical
spread length of shocks as defined by the artificial viscosity coeflicients.
Indeed, the treatment of shocks by an artificial dissipative term is only
permitted to the extent that the downstream and upstream states are
independent of the form and value of this term. Therefore, Boussinesq—
Reynolds gradient closures, which do comply with this constraint in their
natural formulation (2.16), can pose a problem whenever they are sub-
jected to a limiter, because the fluxes are no longer dependent on the
gradients. Solving simultaneously this point and item 5 above can be
somewhat difficult.

Overall, neither the single- nor two-fluid approaches to the mixing flow model-
ing provide any particular simplifications for these problems, except for item
6, where the two-fluid description is clearly superior and will be discussed
below.

8.3 On Artificial Dissipation in a Two-Fluid Medium

As was discussed in Sects. 8.1 and 8.2, the modeling of the interaction between
a shock and a two-fluid medium must include the details of the dissipative
mechanisms, because a weak solution of the conservation equations cannot
yield the jump relations (between zones 0 and 4 in Fig. 8.1). Two approaches
are possible:

e either the precise redistribution mechanism of the modeled quantities is
known (in zones 1 through 3 in Fig. 8.1) and it can be inserted into the
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equations at the cost of likely complications (such as taking into account
the divergent portion of the turbulent kinetic energy);

e or the precise mechanism is not known except for its global effect (between
zones 0 and 4 in Fig. 8.1) and it suffices to supplement the system equa-
tions with corrective terms that are totally arbitrary but chosen so as to
reconstruct the same global behavior.

The introduction of artificial terms to reconstruct the physics of the jump rela-
tions in a shock is reminiscent of the numerical technique of artificial viscosity
for capturing shocks [81,162]. Therefore, the artificial terms for the physical
reconstruction of jumps also represent a numerical artificial dissipation mech-
anism, provided that they are sufficiently strong to spread the shocks over a
thickness greater than the calculation mesh cell. Stretching the terminology,
these physical terms will also be called artificial dissipations.

For reasons of simplicity and considering the embryonic state of two-fluid
studies at the DAM, we shall consider below only the artificial dissipative
solution, for which we shall examine the minimal formulation in the case of
a generic two-fluid model. We shall take up here the so-called “six-equation”
two-fluid model, to which AWE’s two-fluid model reduces by eliminating all
but the conservation equations of mass, momentum, and internal energy.

In a purely heuristic manner, we can first establish an inventory of all the
allowable conservative dissipation mechanisms in a two-fluid system:

two viscosities (one per fluid),

two thermal conductions (one per fluid),

one drag (exchange of momentum between fluids),
and one thermal exchange between fluids.

Of these six mechanisms, we need retain only three: one basic dissipation
mechanism to capture the shock, and two supplementary mechanisms to model
the exchanges of momentum and energy during the shocks. Since a conductive
mechanism alone cannot stabilize strong shocks in the single-fluid case [160—
162], we will retain below only the three mechanisms of viscosities and drag
as artificial dissipative terms.

Let us examine the case of scalar artificial viscosity stresses, Q* (the
tensorial extension does not pose any problems), and, for the time being,
in the absence of artificial drag. The fluid compressions are related to the
Reynolds averaged compression, (V;) ;, and then the artificial viscosity terms
to be added to the internal energy equations are:

—BEQE(Vy) (20). (8.2)

The factors 4%, which might have been grouped with the Q*, were conserved
by analogy with the terms of the work of pressure in (3.23). By conservation of
energy, the sum of the artificial viscosity terms in the kinetic energy equations
is then:

—(BTQT+87Q7).Vi = —(Qi(e U + a7 UT), (8:3)
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from which we obtain the artificial viscosity terms to be added to each mo-
mentum equation:

—a®(Q). - (8.4)

This modeling can be compared with that of AWE’s in Sect. 3.2 where “two
pressures” are reduced to just one in the equations of U*. It has been success-
fully used in AWE’s two-fluid model whenever the more simplistic formulation
with only one artificial viscosity described in Sect. 3.2 caused instabilities [91].

The artificial viscosities for each fluid can be expressed classically as com-
binations of linear and quadratic functions of the compressions in each fluid:

2
Qi——aiiﬁ'OVué 2ﬂtf'ov-e 8.5
= 107¢ aimm(,z,,) +as0 aimln(, i) , (8.5)

where / is the characteristic cell size, and a; and ay are dimensionless adjust-
ment coefficients (this formulation is not that of AWE’s two-fluid model) [91].
We note that the total artificial viscosity @ = 37QT+ 3~ Q™ can no longer
be expressed as a function only of the global compression, (V;);, and the
average density and sound velocity. Therefore, this approach can do well in
distinguishing, although not necessarily in a precise manner, the four types of
two-fluid shocks, namely, weak or strong on one or the other fluid.

The addition of artificial drag to the two artificial viscosities is less trivial
for three reasons:

e The energy transfer associated with the artificial drag presumably does
not involve turbulent kinetic energy (as does ordinary drag), but rather
internal energy: the exchanges with nondivergent rotational turbulence
occur over a characteristic time much longer than that of the shock;

e the passage of a shock through a two-fluid medium can result, depending
on the case, in an increase or decrease in the directed kinetic energy, and
thus the sign of the artificial drag is indeterminate: it does not necessarily
represent a dissipative mechanism;

e as a complement to the previous point, we note that there are now only
two thermodynamic constraints on the entropies of the fluids, for three
artificial dissipative mechanisms: the constraints on the Q% in (8.2) might
be narrowed or relaxed as a result.

For these reasons, we shall not attempt to give a precise formulation of the
three artificial dissipative terms combined. Eventually, such a formulation
would have to, first, rely on more precise and material-dependent shock data
and, next, be adapted to the specific features of the numerical scheme being
used, particularly regarding the treatment of the exchange terms (ozi)@.P
in (8.1). Therefore, at this stage we shall merely review the global structure
of these terms, to be added to the right-hand side of the two-fluid energy
balances in (3.14):
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%cige ...... . — BEQET (V)i + wt F; 6U;
%cigk‘ ..... . . )
%ciQUQ/Q .. —a* (Q)’Z‘ Uzi . F F; Uli ’
geref .. —a* (Q)UF — B Q* (Vi) s
(8.6)
with the condition on the distribution coefficients w™+w™ =1, and the two

thermodynamic constraints marked by the boxed inequalities shown above.

At this point we must emphasize the numerical importance of the artifi-
cial dissipative approach. Spatial discretization in a finite volumes numerical
scheme always produces discontinuities at the nodes, branches, or faces of the
mesh cells. Godunov-type hydrodynamic codes solve the Riemann problem for
these numerical jumps. The physical jumps, which are the shocks, are then
represented and captured by a few successive numerical discontinuities and
are thus “automatically” treated. In the single-fluid laminar case, this poses
no problem, because the jump relations are independent of the details of the
dissipative mechanisms [81,162], but in a two-fluid medium, the treatment of
shocks using a Godunov-type scheme is then fixed by the more or less arbi-
trary choices realized in the Riemann solver, in particular for the exchange
terms [163, §IL.5]. In contrast, schemes with explicit artificial viscosity, such
as the single-fluid VNR [81] or the two-fluid “two artificial viscosities and one
artificial drag” given above, have greater flexibility in modeling shocks. At any
rate, in all the two-fluid schemes, the perturbations due to numerical discon-
tinuities must be minimized. Indeed, in the single-fluid laminar case, the only
perceptible effect due to numerical discontinuities is an excess dissipation in
isentropic evolution zones, which is usually weak and uniform. By contrast,
in the two-fluid case, exchange terms could induce an erratic distribution of
the dissipation: without violating the second law of thermodynamics, the dis-
sipation could be concentrated, for example, in only one of the fluids (always,
or in every other mesh, etc.) Fortunately, the presence of dissipative exchange
terms in the physical models often has a regularizing influence.

8.4 Basic Bias Estimates of DAM’s k—«
and AWE’s Two-Fluid Models Applied
to Shock—Turbulence Interaction

The production of turbulent kinetic energy due to a shock was not considered
in Sect. 8.3 above because:

e it is marginal compared with the production of internal energy and thus
does not perceptibly change the shock propagation conditions, and

e in the two-fluid case, it is often dominated by the conversion of directed
kinetic energy into turbulence downstream of the shock due to the effect
of the work of drag.
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Thus it is presumably more important to have a good modeling of the pro-
duction and relaxation of directed kinetic energy before and after the shock,
respectively, but strictly speaking, it would be necessary in (8.6) to divert
a portion of the dissipation into the turbulent fields. This dissipative cou-
pling becomes necessary if we want to correctly model the production of k in
the single-fluid case of shock—turbulence interaction. The response of DAM’s
single-fluid k— and AWE’s two-fluid models in this situation will provide an
example.

The case of the interaction of a shock with a turbulent mixing zone is
discussed in [142], with a particular analysis of the influence of the closure of
the “Rayleigh—Taylor” production term of DAM’s k—¢ model. This situation is
complicated to analyze, and numerical experiments are needed to evaluate the
influence of the various effects: type of closure (adiabatic corrections, higher-
order models, see Chap. 9), mesh refinement, existence of a counter-gradient
zone within the numerical spread zone of the shock, direction of the shock
relative to the stratification, etc.

We shall limit the discussion to the simpler and analytic situation of
the interaction between a plane normal steady shock and a homogeneous
isotropic turbulence. A numerical study of DAM’s k—¢ model applied to shock—
turbulence interaction has already been made in order to interpret an exper-
iment [26, §4.1], with emphasis on the relazation after the shock. Here we
will concentrate on the aspect of the production of k and & by the shock. In
this simple case of shock—turbulence interaction, we note that the “Rayleigh—
Taylor” production term, as closed and limited in (2.17), cancels because the
mean density and pressure gradients are not opposed (without the limitation
the situation would be even worse, with a destruction of turbulence).

AWE’s two-fluid model cannot describe single-fluid turbulence in a strict
sense: the integral length scale, )\;, which is required to close fluxes, is de-
fined only in mixing zones in relationship with the drag scale A\y4. To evaluate
the behavior in our chosen ideal situation, we must assume that the turbu-
lent medium is actually two-fluid, with the two components having identical
characteristics. Thus the fluids behave as passive scalars, and their volume
fractions are irrelevant; only Ay must be uniform in the upstream medium.

The analysis is simplified by using a “0D” approach. A steady shock prop-
agating in the x direction is represented as a narrow ditch in the axial de-
formation rate (Uy) . (all other components cancel) and we use a Lagrangian
description; in other words, (Uy) » is applied to each fluid particle during time:

At = (U_jz Log (i;) , (8.7)

where 91/ 00 is the total compression ratio between upstream and downstream.
The “ideal” shock is thus obtained in the limit At— 0 with A¢(U,) , constant.
Following the argument presented above in Sects. 8.1 and 8.2, the integration
of the model equations at the time of shock passage should depend on At and
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on the detailed profile of (U,) .. In fact, these equations have invariants in
the limit At— 0, which makes it possible to find jump relations.

When At <« lNc/é, the dissipation and flux terms are negligible and, in
the production term, the closure of the Reynolds tensor in first gradients is
saturated, because it is limited by the realizability conditions. Moreover, there
is no term explicitly dependent on the artificial viscosity in the equations
of k and € (DAM’s model) or k, and A\; = (C;/C,)Aa (AWE’s model). The
equation system of the turbulent quantities in the Lagrangian (non-Galilean)
coordinate system of the fluid thus becomes:

d -~
ak =, (8.8a)
;%éz(kléﬂ—ikgéahlw DaM’s model,  (8.8b)
1 2 cos? 1) —sin?
%/\i = (—3 + O W) Ai(Uz)e  AWE’s model,  (8.8¢)

where, for AWE’s model, k is identical to ];b’ and the equation of \;, obtained
from the equation of Ay in (3.32), involves the angle 1) between the directions
of the shock and of the volume fraction gradient of the passive fluids in the
environment. 7 is the production term by the modeled Reynolds stresses:

oujuj m = od _
—— U’L ':bmaxki )
m — (Ui) 4 dtg

: (8.9)

5]

where by is the maximum anisotropy ratio, b = 7o,/ (@ie), allowed by the
limitation of the closure (2/3 < b < 2 in general, and byax = 5/4 in DAM’s
standard k—e model [5,6]). To obtain jump relations, we must show the in-
variant quantities of equations (8.8a) and (8.8b), which are logarithmic:

d - d
~—k = bmax — 0, 8.10a
kdt gdi” (8:10s)
d € = (Ce1 bax + C:3) 45 DAM’s model (8.10Db)
Zdt - el Umax 3 @dtg ) .
d 1 3cos2y+1Y\ d
—XN == — | —0 AwWE’ del, 1
i < 3+C>\ 5 >thg WE’s mode (8.10c)

from which we obtain the turbulent kinetic energy and the integral length

scales:
o Drmax
kl :kO <Q1) )
Qo

0 (3/2—=Cec1) bmax—Ces
Ait=Aio (1 DaM’s model, (8.11)

0
L ) —1/34Cx(3cos2¢+1)/6

AWE’s model.
Qo
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For a strong shock in an ideal gas at v = 5/3, the compression ratio is close to
01/00 = 4. We then observe:

e an increase in the turbulence by a factor of at most 12;1/12;0 = 4% ~ 5.66 in
all the models,

e in DAM’s k— model, the quasi-invariance of the integral length scale using
the values of C.; and C.3 in Table 2.1, p. 14,

e in AWE’s two-fluid model, a variation of the integral length scale between
N1/ dip = 4= (O3~ 4 (transverse gradient of a®) and A1 /Ao =
4=(1=203)/3 ~ 1.6 (longitudinal gradient of a*), using the value of C in
Table 3.1, p. 27.

The amplifications in (8.11) have indeed been observed qualitatively for DAM’s
k—e model in a previous numerical study,” where o1/09 ~ 3.67 with C.3 = .4
and byax = 1.6 [26, §4.1]. For AWE’s two-fluid model, we must point out that
it behaves very much like the k—¢ (the equation in k is identical and that in
¢ is replaced by a practically equivalent equation in A;), but is inconsistent,
because its response depends on the orientation of the gradient of a passive
quantity.

These results would be acceptable in the application range of turbulence
models, that is, for a distortion that is slower than or of the order of the
integral time scale At > \;/ k. Actually, the characteristic shock-compression
time is linked to the dissipative mechanism (for example, the viscosity) and is
very much smaller than the shortest turbulence scale, the Kolmogorov time.
With these conditions, the turbulent field can be considered as frozen when
the shock passes, and the shock—turbulence interaction is well described the-
oretically by a linear analytic development [150], known as Linear Interaction
Analysis (LIA).5 The LIA results have been successfully verified by direct
simulations [152-157], and thus we shall adopt the LIA as a reference for the
modeling. As a function of the Mach number, this theory leads to amplification
factors of which we shall retain the following properties in the far field:

o I / ko is greater than 1, increasing, and asymptotically approaching about
1.75 (practically reaching it at Mach 3);

e beginning at about Mach 1.5, A1 /g is less than 1, decreases, and asymp-
totically approaches 0.

Thus we see a significant divergence of the k- type models from the LIA
reference. To restore the asymptotic behavior of ki/kg, one would have to

4 A more classical value of C.5 = 1/3 would lead to a decrease of A\;1 down to the
limit )\il/)\io =~ .63.

5 Most of the numerical schemes, which are conservative in k and &, cannot
precisely reproduce the jump relations (8.11). Considering the nature of the evolution
equations (8.10a) through (8.10c), they would need to be conservative in log k and
log € in order to do that.

5 We will not consider rapid distortion theory (RDT) here [151], because it does
not apply to unconfined shocks.
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select, for example, b.x ~ .4, which is incompatible with the constraint
bmax > 2/3 stemming from its definition. Regarding A;/\g, the asymptote
cannot be reconstructed, regardless of the values of C.3 or Cl.

The major difference between the behaviors predicted by LIA and by equa-
tions (8.11) thus shows that k— type modelings must be specifically corrected
for the presence of shocks, as for example in the VIKHR model [13-17], us-
ing artificial dissipative terms. An approach well adapted to DAM production
codes would be to add terms related to the shock force, characterized by the
quantity Q/(oc?), where @ is the artificial viscosity.



9

Some Perspectives on Further Developments
of Models'

9.1 About Second-Order Extensions
of Single-Fluid Turbulent Mixing Models

Faced with the insufficiencies of the basic single-fluid models, such as DAM’s
k—e, several authors [13-26,167] have rightly identified the source of the prob-
lems as being in the modeling of the turbulent mass flux, w”, which appears in
the so-called “Rayleigh—Taylor” source term. Their strategy then has been to
better capture this term by introducing a single-fluid equation for the evolu-
tion of w”. Since this quantity corresponds to a second-order correlation, o/u’,
modeling consistency also requires that evolution equations be added for the
Reynolds tensor and, especially, the density variance ¢’2. This last quantity is
important because it specifically appears in a gu} production term having the
form ?(fo)’i/@? The VIKHR [13-17], BHR [22-25], and MELT-20 [26-28]
models are based on this approach, although they differ in many respects.?

! @ This chapter has significantly changed compared to the original version.
The original second section, “About drag closure in AWE’s two-fluid model,” is now
irrelevant in view of recent advances in the phenomenology of growth and friction of
buoyant structures [164-166], and has thus been completely removed. A new section
has been added to take into account some important results on SSVARTS obtained in
the aftermath of the original work [54,55], which significantly affect the conclusions
and future modeling strategies.

2 In the VIKHR [13-17] or BHR [22-25] models, the quantities u” and o2 are
denoted, respectively, as W or A and B or g°B.

Moreover, in the VIKHR model, the Reynolds tensor is defined starting from
velocity fluctuations relative to the Reynolds average, not the Favre average; there
are thus corrective terms in «”, but in the limit of zero Atwood number, a calculation
similar to that in Sect. 7.3 shows that R;; has no contribution from the directed
kinetic energy.

Finally, in addition to global consistency to second-order, the introduction of
R;; is also justified by the need to reconstruct the relaxation of the Reynolds tensor
asymmetry created by the interaction with a shock [167]. Considering the arguments

A. Llor: Statistical Hydrodynamic Models for Developed Mixing Instability Flows,
Lect. Notes Phys. 681, 107-117 (2005)
www.springerlink.com © Springer-Verlag Berlin Heidelberg 2005
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We shall not make a “OD” analysis of these models here, which would
be time-consuming, although not inherently difficult. We prefer instead to
establish a link with the two-fluid approach in order to estimate the potential
benefit of these second-order models. The Reynolds tensor and the turbulent
mass flux have already been expressed in two-fluid terms in (7.6). In the
same spirit of separating directed and random parts, the variance of density
fluctuations in the mixture decomposes as:

0% = (ct+c)(0—0)? = ct(o—ot+0"—0)? + ¢ (0—0 +0 —0)*
=ct(ot=0)*+ ¢ (07=0)* + ¢t (o—0")? + ¢ (0—07)?

0% =Ct0™ (o"—07)*+ ¢ (0—07)? + ct(o—0T)2.

(9.1)

As was the case for the expressions of turbulent fluxes in (7.6), ¢ contains
two contributions, due to:

e the difference between the mean densities of the fluids, and
e the density fluctuations within each fluid relative to their mean densities.

Thus we see that the second-order single-fluid approaches involve, implicitly
through w” and o2, the velocity and density differences between the fluids,
and thus reduce to a two-fluid approach. It is thus reasonable to expect these
models to have the same capabilities of capturing the instability parameters
examined in Chaps. 4 through 7.

Despite this potential, the second-order single-fluid approaches only par-
tially address the various difficulties of the first-order single-fluid models dis-
cussed in Chap. 7. To summarize:

1. The equations in R;; do not appear to be mandatory, because an
algebraic closure, possibly derived from an ASM-type analysis [146],
would make it possible to capture the anisotropy of the Reynolds ten-
sor [33,128-130], even within the framework of a first-order single-fluid
model. Thus it would be possible to simplify many tricky aspects of these
equations: separation of the directed and random contributions, adapta-
tion to the treatment of shocks, realizability, numerical stability, etc.

2. The directed and turbulent components are not separated in the
definitions and closures of the various turbulent quantities. Thus difficul-
ties can be expected when the ratio K/Kp is small or variable, or else
when K and Kp are associated with very different characteristic scales
(RT instability with variable acceleration, demixing, etc.).

3. Modeling of the “Rayleigh—Taylor” term of k production does not
necessarily appear to be correct in the available second-order models. This
modeling is based on the same statistical analysis as for the first-order

presented in Chap. 8, this effect does not appear dominant when describing mixing
zone growth, and it can be taken into account, at least partially, by an adapted
model of algebraic closure and shock treatment.
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models, which were shown in Sect. 7.2 to be inadequate for flows where
the density variations are due to the effects of both mixing of distinct fluids
and compressibility. As was shown in Sect. 7.2, this can cause a violation
of the second law of thermodynamics, such as observed in certain cases
with DAM’s k—e model. The reconstruction of self-similar Rayleigh—Taylor
instabilities with acceleration varying as t", as introduced in Sect. 5.3, thus
constitutes an important validation test for these models.

The multiscale extension of turbulence models has also been proposed as a
possible means of improvement [26,167], but this also encounters the obstacles
described in items 2 and 3 above.

9.2 Molecular Interdiffusion, Demixing, and Separation
of Geometric and Turbulent Scales

9.2.1 Interdiffusion®

In a mixing zone, turbulent stirring causes fragmentation of the fluids at all
scales and thus produces a distribution of structure sizes that is not described
by the drag scale Ay alone. At smaller scales and for miscible fluids, molecular
interdiffusion even leads to an intimate mixture. Because the drag between
the fluids varies inversely as the size of the structures, the small inclusions of
one fluid in the larger structures of the other are thus entrained by the latter.
The dynamics of the mixing zone growth is thus controlled by the size of the
largest structures: since these are not pure, their densities are not those of the
original fluids, and consequently the effective values of the Atwood number
and drag must be modified. This small-scale mixing of fluids by turbulence
will be called interdiffusion, which is understood to be turbulent, even if,
strictly speaking, there is no molecular interdiffusion in the case of immiscible
fluids.*

AWE’s two-fluid model considers that the fluids are immiscible and preserve
their initial properties, particularly their densities, at all times, but this does
not seem to produce inconsistent results. Actually, because of the nature of
the investigated flows, which are self-similar and in the limit of zero Atwood
number, the effects of interdiffusion can be absorbed by the various constants
of the model. However, for more general flows, especially in demixing phases,
interdiffusion must be taken into account [51,169,170].

The influence of interdiffusion has been clearly discussed on a phenom-
enological basis by G. Dimonte [51], who emphasized the importance of faith-
ful reconstructions as a function of the Atwood number. In this approach,
mentioned in Chap. 1 (see footnote 3, p. 3), it is thus mandatory to discuss
interdiffusion effects. Let us review the conclusions of this notable work:

3 @© The last paragraph of this part was added to the original version.
4 © Interdiffusion should be more appropriately designated by “mass exchange”
[168].
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1. The author’s aim was to use a simple phenomenological model to recon-
struct the mixing zones observed over a broad set of experiments involving
RT instabilities obtained using an accelerated projectile in the Linear Elec-
tric Motor (LEM): constant-acceleration RT, incompressible RM, and RT
with variable (but not self-similar) accelerations, in each case with Atwood
numbers ranging from .1 to .9.

2. All the models considered could be reduced to very simplified “double-
0D” momentum equations. The term “double-0D” refers to averaging all
quantities separately over the two halves of the mixing zone (divided by
the initial position of the interface) in order to capture the growth behavior
of the two edges of the TMZ with coupled ODEs. This simple “double-0D”
system reduces to:”

F + Eas

dL o, 1ET1LT

& AT - >

- (9.2)

where the LT mark the mixing zone edges relative to the initial posi-
tion of the interface. This makes it possible to capture very asymmetric
situations, when the Atwood number is close to 1.6

3. Various published phenomenological models derive from this general
framework [49, 50|, but with different algebraic closures of C, and Cy
(buoyancy and drag coefficients). These closures, which were obtained
heuristically, involve the densities of the fluids and attempt to reconstruct
the behaviors as a function of the Atwood number and the acceleration
profile. The two limits of Atwood number equals zero (symmetry) and
unity (free fall of a heavy fluid) are then particularly constraining.

4. By systematically solving the “double-0D” equations of various models,
Dimonte observed large discrepancies compared with the experimental
results. In all cases, he was able to attribute these discrepancies to the
poor evaluation of the effective densities in the buoyant force and drag
terms, which define C, and C.

5. Dimonte thus proposed a closure consistent with the effective densities
that define C, and Cy by taking into account on the one hand the mean
density profile, in two linear parts or “double-0D,” and on the other hand

5 @ This is the generic form of the buoyancy-drag models. Buoyancy-drag bal-
ance in Rayleigh-Taylor flows has been identified by many authors over at least
twenty years [51] to be the dominant control mechanism of growth. Many simplified
or bulk models have thus been built around this concept, but its importance has
been surprisingly underestimated or ignored in the development of “sophisticated”
turbulent statistical models, especially extensions of the single-fluid k— model. The
present report makes no exception and does not take advantage of this powerful
concept which is first mentioned here, close to the end.

5 @ Additionally C, and Cy are functions, common to both 4+ and — equations,
of only two variables: the density of the fluid at rest on the side under consideration
(+ or —), and the mean density at the center of the TMZ (which is affected by
interdiffusion).
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the partial interdiffusion of the fluids. Then by adjusting only one residual
parameter characteristic of the drag scale, he was able to obtain a very
good agreement with all his experimental results over the entire range of
Atwood numbers.

Although turbulence is only implicitly taken into account, through the coef-
ficient values, it is noticeable that an excellent agreement is obtained for the
influence of the Atwood number.

This study provided an a posteriori justification for a major advance of
AWE’s two-fluid model previously introduced by D.L. Youngs [168]: the addi-
tion of a mass exchange term between the fluids. This term, constructed in
an entirely phenomenological way, was adjusted by a dimensionless coefficient
to reconstruct the evolution equation for the variance of a passive scalar in
the limit of zero Atwood number. Rather surprisingly, neither the value of the
coefficient nor even the complete equations of the model seem to have been
published. This model appears to correctly reconstruct variable-acceleration
experiments [168] and particularly demixing (where L decreases asymptoti-
cally toward a non-zero value).

Taking into account interdiffusion (or mass transfer) has two major conse-
quences regarding the “OD” analysis of the energy balance given in this report:

e The mutual entrainment of the fluids makes their mean velocities (as
given in (4.3)) to be averages over fluids which are mixed into light
upward-moving and heavy downward-moving entities. The entrainment
of the fluids, as characterized by the so-called “molecular mixing” coeffi-
cient [168-170], is strong enough to make the effective drift velocity be-
tween entities about 15% higher than the drift velocity between fluids
oU. With this new approach, the corresponding directed energy makes
up about one third of the total turbulent energy (in contrast to only one
fourth for the two-fluid analysis in Sects. 4.2 and 4.3). The discussion in
Sect. 7.3 on the orders of magnitude of the two-fluid contributions to the
single-fluid turbulent fluxes should be corrected accordingly.

e More concerning is the fact that the internal dynamics of the entities in-
side the TMZ cannot be captured by just giving the TMZ growth rate and
the volume fraction profiles of the fluids as in Sect. 4.2. Supplementary
information is required to characterize the fluid entrainments, for instance
with effective density profiles. The corresponding “OD” analysis may then
be significantly more complex than what is shown here [171]. Neverthe-
less, the conclusions of the report do hold even if they may appear as
insufficiently restrictive for modeling.
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9.2.2 Geometric and Turbulent Scales”

In an RT instability at constant acceleration, only one characteristic length
scale, Y AI't? exists. The ratios between the mixing zone thickness, the integral
length scale of turbulence, and the characteristic drag length, L, A;, and Ay,
are thus well defined and constant. In usual textbooks, it is commonly assumed
that the A;/L ratio is approximately identical in all mixing layers, because
of the causal relationship between turbulence and TMZ growth. However,
when the acceleration varies, this assumption is clearly incompatible with the
elementary data gathered here: there is a significant difference in von Karman
numbers between the RT and RM instabilities. The relationship between TMZ
growth and turbulence actually involves only a part of the latter, namely the
directed kinetic energy Kp, and the ratio K/Kp can vary over orders of
magnitude.

Similarly, the A;/L ratio has no reason to be fixed. Yet in Dimonte’s
“double-0D” phenomenological analysis, the Ag/L ratio is fixed (despite the
author’s awareness of the difficulty). More surprisingly, this ratio is also fixed
for AWE’s two-fluid model according to (6.2), notwithstanding the presence of
a A\g equation in the model which, in principle, could have captured possible
changes.

Just as striking is the fixed value of the A;/A; ratio in AWE’s two-fluid
model, as given by the algebraic closure in (3.33d). Yet one can imagine ex-
treme situations of opposite behaviors of the turbulent and geometric scales:
for example, in the case of demixing by inversion of the acceleration after
a period of instability, there could be a slight decrease in the mixing zone
thickness, limited by the integral length scale which can only increase, to-
gether with a strong reduction of the drag scale, reflecting the break up of
fluid structures under the effect of turbulent stirring.

Therefore, in order to capture the effects of randomly variable accelera-
tions, it seems as important to enrich AWE’s two-fluid model by dropping
the direct relationship between L, A;, and Ay, as to introduce mass exchange
between fluids as mentioned above [168]. Naturally, this requires a serious re-
assessment of the \; equation and the addition of an evolution equation for
the turbulent length scale, for instance through an € equation.

A new model development was thus attempted at the DAM along these
lines. Starting from the usual two-fluid equations, a k— model was added, and
for drag closure, \; was substituted by X' (the interface area per unit volume)
for which an evolution equation was provided according to available closures
of statistical equations [88]. This approach, called k——X [52,53], failed but
provided important insight for developing a consistent approach. The basic
flaw in the k——3 model was the inconsistent profiles of the length scales A;

7 (0 This part has been substantially expanded in order to take into account the
main findings of our recent works [52,53,164-166]. The original version had been
kept deliberately short and somewhat sibylline in order to preserve the, at the time,
new approaches and ideas that were being investigated.
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and Ay across the TMZ: as with AWE’s two-fluid model, A4y had to be roughly
uniform, whereas, as with any k- model, \; had to be bell shaped and vanish
at the TMZ edges. Through couplings between these two length scales in a
variety of terms, the model equations always produced unphysical singularities
at the TMZ edges.

A new approach was then proposed, denoted 2SFK [164-166|, where the
two length scales \; and \; are identical and merged into a single modeled
parameter, as supported by experimental evidence. The evolution of this com-
mon length scale is then controlled by two sets of coupled k—¢ equations in
order to allow non-vanishing integral length scales at the TMZ edges. Interest-
ingly, the buoyancy—drag balance and mass transfer process are easily included
into this modeling concept. Although the first versions of our 2SFK models
were far from optimal, the von Karméan numbers of the Rayleigh—Taylor and
Richtmyer—Meshkov flows were readily captured without any adjustment of
model coefficients [164-166|. This significant improvement compared to pre-
vious models supports the general 2SFK concept even if detailed closures can
be improved. Also noticeable is that the model was easily adapted to capture
the enhanced diffusion process that has recently been shown to exist in RT
layers [171].

9.3 (U Self-Similar Variable Acceleration
Rayleigh—Taylor Flows (SSVARTs)®

9.3.1 Extension of SSVARTSs to n < —2

Self-Similar Variable Acceleration Rayleigh—Taylor flows (SSVARTS), for which
acceleration varies as I'(t) o< t™ as considered in Sects. 5.3, 6.2, and 7.4, have
actually been introduced in earlier publications, but without a full assess-
ment of their potential for model testing and with the restriction n > 0 or
n > —2 [48,172]. In fact, they can be extended below n = —1, the limit con-
sidered here so far, thus providing new insights and more stringent modeling
constraints [54,55].

In order to generate the most general SSVARTS, one must consider what
are the minimal basic constraints to be fulfilled by such flows. We shall re-
tain the following two conditions which are closely related to the mixing irre-
versibility (or the second law of thermodynamics):

e [(t) is positive and always grows, because demixing is unphysical (it would
proceed towards a wanishing TMZ width to ensure self-similarity, thus
separating molecularly mixed fluids), and

8 @ Shortly after the original version of this worked appeared, it was realized
that SSVARTSs could be extended to n < —2 [54,55|. This development and its
consequences are so closely connected to the present work that they have been
added in this new section.
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e [L(t) must be asymptotically stable with respect to small changes of initial
conditions, in particular of the initial directed energy.

From I'(t) oc t" for t > 0, one infers L(t) = Y, A'(t)t? oc t"*2 with ),, > 0,
and the growth condition yields n > —2. Now, growth and self-similarity are
also ensured if:

I'(t) o (=)™ for t <0 with n < =2, (9.3)

so, as required, L(t) = Y, AI'(t)t? is positive and grows. In this case, the “ini-
tial” time, corresponding to a vanishingly perturbed flat interface, is rejected
to t = —oo and the TMZ width diverges in a finite time when approaching
t=0.

Regarding the initial condition constraint, one can consider it is fulfilled
whenever the input of potential energy is sufficient to eventually supersede
the (diluted and partly dissipated) initial energy perturbation. For n < —2
the self-similar energies always grow and overrun the initial perturbations.
For n > —2 the self-similar energies in a SSVART vary as K oc t2("+1),
whereas the initial energy perturbation is diluted and dissipated according to
t=Pn /L o< t~""27Pn_where p, is a positive number to take dissipation into
account. Therefore, initial conditions are “forgotten” if n > —4/3 — p,, /3.

The RM flow actually provides a reference to define the threshold n =
—4/3 — p,, /3. For the RM case L(t) o< t"° where ng ~ .3, and thus whenever
n < —2 4+ ng the initial energy in the mixing zone will eventually dominate
the input energy. SSVARTS are thus limited to n > —2 +ny and n < —2, the
0 < n < —2+ ngy gap representing an unstable zone or an attraction basin
towards the RM flow [54,55].

After lengthy and tedious though straightforward calculations, the re-
sponses to SSVARTSs at n < —2 of all the models considered in this study
turn out to be formally identical to those at n > 0 given in (5.11), (6.12), and
(7.12) [54,55]. Remarkably, according to these formulas, every model yields
a singularity at n = —2 + ng where ng is the growth exponent of the RM
instability as predicted by the same model. There is thus self-consistency of all
the models with respect to this boundary of the forbidden range of n values
(related to the energy constraints in the RM limit). All models, except DAM’s
k—e however, also yield & singularity at n = —2, in accordance with the n gap
limits found above.

Most interestingly for practical purposes, the expansion in the range of
n values further constrains the models: in Sect. 5.3 the stability domain for
the Co and o, coefficients of DAM’s k— model is more restricted, leading in
particular to Czo > 3/2 instead of Cyo > 1. However, for Cy = 3/2 and 0, = .7,
the growth rate of the RT TMZ is about 3% of the experimentally observed
value. Moreover, in contrast to what was stated in Sect. 7.4, drift models
(including “Read’s formula” in (7.16)) also appear to behave unphysically by
overrunning free fall for n — —2~ and should thus be discarded. Full two-fluid
models, such as AWE’s, display acceptable responses over the full range of n
values (see figure in [54,55]).
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By expanding the range of n, SSVARTS span the three flow regimes that
can be considered when each of the three terms in the buoyancy—drag equation
is assumed to be negligible [54,55]. Free fall and Read’s formula then appear
as two extreme cases which bound the behavior of any model [54, 55].

9.3.2 Spectral Quasi-Equilibrium
and Relevance of Models in SSVARTSs

At the moment, until experiments or simulations will be performed, SSVARTSs
must be considered as “thought experiments.” As such, there could be some
debate, or even suspicion, on their status as flow references for modeling, and
this issue deserves a few comments to further the discussions given in Sect. 5.3
and in [54,55]. For that purpose, five aspects will be distinguished here which
have not been explicitly examined so far:

e the existence of a mean flow generated as the response of the physical
system to a self-similar forcing in I" o ¢",

e the nature of the velocity fluctuations and of their dissipation (turbulent
energy spectrum and inertial range) around the usual RT case at n = 0,
the possible behavior of the turbulent energy spectrum for large n,
the significance and relevance of model responses to SSVARTS.
the robustness of model responses to SSVARTS,

Existence of SSVARTS. Independently of any relevance and description
concern, it is always possible to consider RT mixing flows driven by I" oc t"”
where —oco < n < oo. It is also always possible to consider the corresponding
Favre ensemble averaged flows. Assuming self-similar response it is also pos-
sible to analyze the dependence on energy initial conditions as shown above
and determine the gap of forbidden n values. Yet, the relevance of the mean
flow is not fully ensured: indeed, one could imagine the highly unlikely situa-
tion where, at fixed n, the evolution of a given realization would be locked on
either of two (or more) different TMZ growth coefficients. Within the range
of n values which would produce these phenomena of “long intermitency,”
“symmetry breaking,” or “ergodicity loss,” the ensemble averaged flows would
be of little relevance with respect to individual realizations (and to engineer-
ing needs). Such situations could appear for steep growths of I' if various
turbulent structures were stable (see below).

Turbulence in SSVARTs Around n = 0. Once the mean flow is known
and the system assumed to be ergodic (see above), it is always possible to
obtain fluctuations around averages and the corresponding power spectra.
Self-similarity will also ensure that power spectra evolve self-similarly (always
assuming high Reynolds number) and can be collapsed into n-dependent but
constant shapes.

By further assuming that power spectra display self-similar profiles over
some range in k space (wave number) as FE(|k|) « |k|P, bounds on p can
be discussed. For instance, the usual quasi-equilibrium between large-scale



116 9 Some Perspectives on Further Developments of Models

production and small scale dissipation leads to a Kolmogorov spectrum with
p = —3/3, but, at the other extreme, if fluctuations produced at large scales
remain frozen at these scales at later times as the TMZ grows, then:

3n+4
=—— 9.4
mis, (94)
The Kolmogorov spectrum is thus mimicked for n = —1/2, and for —4/3 <

n < —1/2 the frozen modes assumption yields 0 > p > —5/3: these values of
p are clearly forbidden because the characteristic time scales within such a
spectrum would very quickly relax it towards the Kolmogorov p = —5/3 and
production could not overrun dissipation at low n. For n = 0 (RT case), the
frozen modes assumption yields p = —2, barely below the Kolmogorov value
(and even closer if taking into account intermittency corrections), and for
n = oo, p = —3. Estimation of the integral length scale according to (4.10) is
therefore perfectly valid even for n values somewhat above 0.7

Turbulence in SSVARTs at Large n. The frozen modes assumption
considered above provides some insight for steep I evolutions, at large n. If
some (partial) spectral quasi-equilibrium is to exist over a limited |k| range,
its dynamics must be sufficiently fast so as to at least follow the growth of
production. Now time scales in the limits of frozen modes and quasi-spectral
equilibrium vary respectively as:

(F/tn)fl/(n+2) |k|*1/(n+2) ,

T(‘kD x e— /3 |k‘_2/3 )

(9.5)

For sufficiently large |k|, the usual Kolmogorov cascade could always overrun
the frozen modes profile provided that n > —1/2. In the spirit of footnote 8,
p- 42, steep accelerations could induce strongest departures from the Kol-
mogorov cascade at small length scales: the sub-inertial range would widen
as n increases (intermitency would also increase), thus confining the inertial
Kolmogorov cascade to ever smaller scales. This tentative analysis provides a
rationale for the small value of the von Karman number in the RT flow.

Significance of Models for SSVARTS. The analysis given above shows
that models requiring full spectral quasi-equilibrium (as the k—¢) may capture
accurately the SSVART flows only for small values of n. However, if the sub-
inertial range is properly taken into account by a two-fluid description (or
maybe a multiscale approach) while a k—¢ approach takes care of the inertial
range, one can expect the range of acceptable n values to expand significantly
above 0. The 2SFK model recently developed at the DAaM follows this general
scheme [164-166]. Precise n limits on these modeling approaches could be
defined from future experiments or numerical simulations.

9 @© Incidentally, the time behavior in the KH case is identical to that of a
SSVART at n = —1, with dissipation ¢ (and production) diminishing as 1/t, to be
compared to a growth as ¢ in the RT case and a constant € in a SSVART at n = —1/2.
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Robustness of Models to SSVARTSs. Even if the accuracy of a given
model is out of reach on SSVARTSs with large n, its stability and robustness
should be ensured over the full range of acceptable n values. Indeed, numerical
trials on DAM’s k—< model with C.p = 1 (as recommended in Sect. 5.3) were
found unstable in applications with strong accelerations changes and shocks,
although they have been shown here to be acceptable for SSVARTSs at n > 0.
With C.o = 3/2, as found when taking also into account SSVARTS at n < —2,
full stability was then obtained albeit with unphysically small growths of the
TMZ. A rationale for the importance of SSVARTs at n < —2 is that, in the
simplified buoyancy—drag picture, the inertial regime where drag is negligible
is obtained for SSVARTs when n — —27: this inertial regime is precisely
expected during transients with steep acceleration increases. Whatever the
behavior of turbulence in this regime and its modeling, the TMZ growth in
the inertial regime must be bounded by free fall.



Summary of Part II

This part was devoted to exploring generic ideas for modeling, for instance
in the light of the model-specific “OD” responses obtained in Part I. Three
main modeling aspects have been reviewed: directed effects in single-fluid
approaches, interactions between shocks and heterogeneities, and the related
phenomena of fluid entrainement and length scale descriptions.

Poor performance on RT and SSVART flows of single-fluid models com-
pared to two-fluid models is not specific to DAM’s k- and AWE’s two-fluid.
Fundamental difficulties of single-fluid approaches can be traced back to the
decomposition of the statistical term of “enthalpic” or “Rayleigh—Taylor” pro-
duction, and to the directed contributions in the turbulent fluxes. Using these
analyses it is possible to somewhat correct the algebraic closures of single-
fluid models. These approaches can be seen as “extended single-fluid” or “de-
generated two-fluid.” However they are still found to be unphysical for some
SSVARTs, leaving only full two-fluid approaches as generally acceptable.

As for the mixing instabilities in the incompressible limit, the behavior of
models in the presence of shocks must be assessed as a function of a prede-
fined specification list. A preliminary analysis provides a minimal approach,
whereby details of pressure relaxation after shock passage are ignored and
overall jump relationships are given for the quantities in the turbulent model-
ing (without addition of new evolution equations). In the limiting case of the
interaction of a shock with a statistically homogeneous turbulent medium, an-
alytical estimates can be obtained for DAM’s k— and AWE’s two-fluid models
to be compared with results of an analytical theory (LIA): similar inaccurate
behaviors are found for both models. Adapting artificial dissipation terms
should in principle permit correcting the response of two-fluid models.

Improved approaches are expected from taking into account the mutual
entrainment of fluids (through so-called mass transfer terms) and the rela-
tionship between the different length scales (TMZ width, integral length scale
and drag characteristic length). SSVARTSs have also been extended to nega-
tive values of n, yielding more straining constraints on models, which will thus
need to better capture mass transfer and length scales.
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Conclusion, Future Modeling Trends

The relevance of this study stands not in the topics that have been discussed,
since most of them have already been explored for many years now, but rather
in assembling a broad array of experimental data and hydrodynamic models
from the literature under one unified formalism and in subjecting these to
a list of evaluation criteria corresponding to the specific needs of the DAM.
In this spirit, this study made it possible to define effective approaches for
developing and validating new hydrodynamic models for mixing flows.!
The four most important evaluation tools developed in this study are:

1. the “0D” analysis of mixing layers of the three instabilities, Kelvin—
Helmholtz, Rayleigh—Taylor, and Richtmyer—Meshkov, in the self-similar,
incompressible limit at zero Atwood number,? which makes it possible to
estimate the performance of models at very low cost, of the order of a few
engineer-weeks, without the prerequisite insertion into a numerical code,
compared with several man-years previously (see Chap. 4, and Sects. 5.2,
and 6.1);

2. the turbulent structure and equilibrium between the different
types of energies in the mixing layers, characterized particularly by
the von Kdrmdn number and the proportion of directed kinetic energy,
which the models must correctly reconstruct (see summarized results in
Tables 4.1, p. 38, 5.1, p. 52, and 6.1, p. 68);

3. the Rayleigh—Taylor instability with self-similar acceleration
varying as t", the consideration of which makes it possible to estimate
the performance of models in situations close to real applications, less

! © It must be noticed that giving an explicit “specification list” for validating
models as in Chap. 1 is somewhat uncommon, and consensus upon its detailed
content is not yet established in the RT turbulence modeling community. The present
study should contribute to bringing this crucial issue into the limelight.

2 The extension to any Atwood number is tedious, but does not involve any
inherent technical difficulty.
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“smooth” than academic flows (see for example the case of the k—= model
in Fig. 5.2, p. 57);

4. the “0D” analysis of the interaction between a plane steady
shock and velocity or density heterogeneities in a statistically homoge-
neous medium (see Chap. 8), which makes it possible to validate the for-
mulation of the artificial dissipation terms contained in the models and
codes by comparison with the analytic LIA theory [150].

The relevance of these tools was shown using two models which represent
common approaches proposed in the literature: DAM’s single-fluid k- model
and AWE’s two-fluid model.?

The “OD” analysis shows that the k— model with a single set of coeffi-
cients cannot reconstruct the growth rate observed in the mixing zone of a
Rayleigh—Taylor instability while remaining stable in the presence of accelera-
tions varying as t" (see Fig. 5.2, p. 57 and the boxed information in p. 60-61).
This shortcoming is due to the structure of the energy dissipation circuit in
the model, which permits the violation of the second law of thermodynam-
ics for certain combinations of coefficients and the acceleration exponent, n.
The standard set of coefficients currently recommended for the k— model
thus leads to instabilities when n > .89. Values can be assigned that ensure
stability for all n, but these lead to a growth rate of the Rayleigh—Taylor
instability that is too low by about a factor of three. Conversely, AWE’s two-
fluid model is satisfactory in all the situations, although the integral length
scale, which represents the characteristic size of the turbulent eddies, is some-
what distorted, the von Karman number being too high by about a factor of
four (see Sect. 6.2). More generally, the single-fluid approaches pose problems
in reconstructing Rayleigh—Taylor instabilities because they are incapable of
correctly capturing the evolution of the directed kinetic energy (see Table 7.1,
p. 80). By contrast, with regard to shock—heterogeneity interaction, the two
models have comparable deficiencies, producing inconsistent jump relations
as illustrated here in the particular case of shock—turbulence interaction (see
(8.11)).

This analysis revealed possible paths for the development of new model-
ings:

1. the degenerate two-fluid “drift” or single-fluid extended approach,
for example, as explored by VNIITF [18-21], which has many of the

3 (© Keeping in mind pedagogical goals, specific terms were coined to designate
the three main quantities for model evaluation in order to stress their importance:
directed energy, “0D” averaging, and von Kéarméan number. Of these only the first
two seem to have gained some acceptance with other investigators in the field. Added
in later publications is the acronym SSVART, for Self-Similar Variable Acceleration
Rayleigh-Taylor flow.



10 Conclusion, Future Modeling Trends 123

advantages of the two-fluid models at a very low adaptation cost to exist-
ing single-fluid codes (see Sect. 7.4);*

2. the separation of turbulence and dispersion scales in the two-fluid
approaches, for example by introducing an equation in € into AWE’s model,
which allows a better capturing of the mixing zone evolution in the pres-
ence of variable accelerations, demixing episodes, or combinations of in-
stabilities (see Sect. 9.2);°

3. the ad hoc construction of artificial dissipative terms, which allows
precise capturing of jump relations of various quantities in a two-fluid
medium subjected to shocks (see (8.6)).

By contrast, the pursuit of second-order or multiscale modeling should not be
a priority. The validation of improved models will require a complete set of
calibration data (from experimental, analytic, or numerical sources) regarding
two important aspects:

e the Rayleigh—Taylor instability with self-similar acceleration varying as t",
and

e the interaction between a shock and a two-fluid medium in the limit of
weak heterogeneities.

All these aspects are currently being studied in collaboration with various
outside organizations, such as the IMFT in Toulouse, the ENSC in Cachan,
and the AWE in Aldermaston [57]. Specific experiments are also foreseeable
at DAM (shock tube) and with VNIITF in Snezhinsk (gas-gun accelerated
vessels).

* @ This suggestion is now irrelevant because, as summarized Sect. 9.3, drift
models are unphysical when dealing with SSVARTs where acceleration varies as t"
with n < —2 [54,55].

5 (@ This suggestion has notably evolved, as summarized in the updates to
Sect. 9.2. In fact turbulence and dispersion scales must stay identical, but they
have to be separated from the width of the TMZ. A new model was recently devel-
oped along this idea [164-166] which successfully captures the basic parameters of
an RT mixing layer: growth, molecular mixing ratio and von Karman number.
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Notations and Acronyms

With few exceptions, the equations in this report use Einstein’s notation for
space coordinates and derivatives with respect thereto, with no distinction be-
tween covariant and contravariant indices, and with summation on repeated
indices. The conservation equations are given in Eulerian (rather than La-
grangian) coordinates in such a way that an ensemble mean can be applied to
them. They are written so that they always show the temporal variation and
advection to the left of the equal sign, and the sources, fluxes, and exchanges
to the right. Finally, we introduced the symbol = to indicate physical mod-
elings. This allows making the difference with the strict equality, =, and the
numerical approximation, =. Listed below are the symbols used in more than
one subsection, grouped according to chapters where they first appear.

Chap. 2: The following symbols represent functions of r (position) and ¢
time):

—~

0 : density,

v : per mass volume,

D : pressure,

e : internal energy,

Uu : velocity vector, with components u;,

f : total energy, f = e + u?h,

Tij : other-than-pressure stress tensor (opposite sign from conventional);
if pure viscous: 7;; = —p ((ws) ; + (uj).5) — (A —2/30) (uk) & 6sj,

, A :shear and volume viscosities

g : acceleration field

(7] : thermal conduction flux,

5 : source term of per volume internal energy

ct : local mass fractions of constituent fluids, (passive values, ¢t +c™= 1),

¢ : diffusive mass fluxes of constituent fluids, (¢ + ¢~ = 0),

a : Reynolds ensemble average of quantity a

a : ensemble fluctuation of quantity a, a’ = a — @,

a : Favre average of quantity a, @ = pa/o,
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a : Favre fluctuation of quantity a, a” = a — a,

U : Favre average of velocity u,

\4 : Reynolds average of velocity u,

k : non-averaged turbulent per mass kinetic energy, k = u” %5,

€ : non-averaged per mass dissipation rate of k, ¢ = —7;;(u}) ;/0,
r;; @ non-averaged Reynolds tensor, r;; = pujuj,

Cs : mean sound velocity,

Cy, 0y coefficients of single-fluid model, Table 2.1, p. 14.

We note that only the velocity is defined by a symbol representing the (Favre)
average, while all other quantities are used in their non-averaged forms, in-
cluding k and r;;. This deliberate choice makes it possible to retain the actual
significance of each term throughout the calculations.

Chap. 3: Here we add the following symbols and corrections to the single-
fluid notations given above:

+ :indices of the two fluids,

a® : mean volume fractions of the fluids, a* = ¢*,

C*: mean mass fractions of the fluids, C* = cFp/7,

o : mean densities of the fluids, o* = cFp/cF,

A : mean local Atwood number, A = (o —07)/(0" +07),

B* : distribution coefficients of isentropic compressions, (3.24), p. 24,
¢* : diffusive mass fluxes of the fluids, (thus ¢+ + ¢~ = 0),

U®: Favre averaged velocities of each fluid, UT = cFou/cp,

u* : Favre fluctuations of the velocity in each fluid, u* =u — U*,

0U : drift or interpenetration velocity, U = UT—-U~,

kq : mean directed kinetic energy kq = CTC~(6U )%k,

k* : non-averaged per mass turbulent kinetic energies in each fluid k=u®?4,
ky : non-averaged two-fluid turbulent kinetic energ)ﬂ/:, ky = ﬁ*lf +c kT,

r=- : non-averaged Reynolds tensors in each fluid, T = ou; uj,

e* : non-averaged volume dissipation rates of k* in each fluid, Ei:—nj
(u?) 5

a® : non-averaged Favre fluctuations of quantity a in each fluid, a*

=a—cFoa/c*o,
Cy : coefficients of two-fluid model, Table 3.1, p. 27.
We note here that the lower-case values indexed with + represent Favre fluc-
tuations, except for the eight specific cases of volume fractions, mass fractions,
densities, mass fluxes, turbulent kinetic energies, Reynolds tensors, and dissi-
pation rates: a®, ¢*, oF, ¢pT, k¥, T?;, and e*.

Chaps. 4 through 6: Here we add the values averaged over the thickness
of the mixing layer, as functions of ¢ only and generally shown as upper-case
symbols:

L : average thickness of the mixing layer, (4.2), p. 35,
X, Y, n: self-similar growth coefficients of KH, RT, and RM instabilities,
() : averaging operator over a mixing layer,
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: average per mass energy input into a KH layer, (4.8), p. 37,

or a RT layer, (4.7), p. 37,

: average single-fluid kinetic energy, Ky; = (U?R),

: average directed kinetic energy, Kp = (kq),

: average turbulent kinetic energy, K = (k),

: average two-fluid turbulent kinetic energy, Kp = (ks),

: average per mass dissipation of K into internal energy, E = (g),

: average integral length scale of turbulence, A; = K*/? /E,

: single-fluid von Karméan number, x = K%?/(EL),

: two-fluid von Kérman number, k;, = KZZ/(EL),

: general correction factor between (a) and a(0) (at center), ¢ ~ 3/2,
: average per mass production of turbulence, (5.3), p. 50, and (5.5),
p. 51 (DAM’s k— model),

: average per mass energy input into turbulence, (5.6), p. 51 (DAM’s
k—e model),

: average characteristic drag length, Ay = (\g) (AWE’s two-fluid
model),

: average per mass production of turbulence by drag, (6.6), p. 65, and
(6.11), p. 67 (AWE’s two-fluid model),

: ratio of turbulent and directed characteristic velocities,

U=+/Kp/Kp (AWE’s two-fluid model).

Some acronyms are extensively used throughout this work:

©

ASM
AWE
DAM

KH
k—¢e

LIA
RM
RT

: Update (addition or change) to the original version of this report,
published in 2001 in French (CEA-R-5983).

: Algebraic Stress Model (closure procedure),

: Atomic Weapons Establishment (UK),

: Direction des Applications Militaires (division of the Commissar-
iat & U'Energie Atomique, France),

: Kelvin—Helmholtz,

: Turbulence model designated by the evolution equations added
to the standard hydrodynamic equations,

: Linear Interaction Analysis (shock—turbulence interaction),

: Richtmyer—Meshkov,

: Rayleigh—Taylor,

SSVART : Self-Similar Variable Acceleration Rayleigh—Taylor instability,

TMZ
0D

: Turbulent Mixing Zone
: Zero Dimensional (i.e. independent of space coordinates).






B

Modeling of Noise Term

An analysis of the so-called “noise” term p’(w}) ; in (2.11), has been proposed
by O. Zeman [148,149] and extended by J.R. Ristorcelli [173], inspired by the
decomposition of small perturbations given by L.S.G. Kovasznay [174] and
discussed by J. Gaviglio [147]. The approach is to distinguish in the turbulent
velocity field, w”, the irrotational divergent part u? and the incompressible
rotational part u”, according to the so-called Helmholtz canonical decompo-
sition: -

w =u®+u” where: {rot u’=0, (B.1)

divu"=0,

obtained by the transformation:

ul(r)=— / M d’s, (B.2a)
u"(r) =u(r) —ul(r). (B.2b)

The usefulness of this decomposition stems from the different behaviors of the
kinetic energies associated with the rotational and divergent velocity fields
[147]:

e in the rotational case, the energy is carried by vorticity, which is locked
onto the material in the limit of zero viscosity and weak interactions be-
tween eddies [59]. The non-linear interactions between eddies as well as
the viscosity introduce a diffusive type behavior into the kinetic energy
equation;

e in the divergent case, the energy is converted between internal and ki-
netic energies, which, in the limit of weak perturbations, is equivalent to
a process of coherent propagation, with characteristic velocities of the or-
der of the sound velocity (acoustic waves). For large compressions, shock
waves appear associated with large dissipations, as well as diffractions and
dispersions in the presence of heterogeneities or rotational turbulence.
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In (2.11), the pressure-related exchange term between internal and turbu-
lent energies p/(u7),; is thus associated with the deformations caused by the

divergent velocity field only, while the dissipative term —;;(u}) ; contains
contributions from both fields, if the volume viscosity coefficient, A, is not
Zero.

The Helmholtz decomposition of the velocity fluctuations separates two
contributions of different types in the turbulent fluxes, in (2.8), and, in par-
ticular, reveals three components in the turbulent kinetic energy, (2.9b):

E=u?h= "+ u)%h +u"u?. (B.3)

In homogeneous isotropic turbulence, the last term averages to zero [148,149],
and considering the very different diffusive and propagative behaviors of w”
and u? we can assume that this property still holds even in anisotropic,
heterogeneous, or unsteady turbulence.

However, the absence of correlation between divergent and rotational tur-
bulence is not enough to prove that there is no coupling, that is, no energy
exchanges, between these two reservoirs. Such exchanges are represented by
non-linear terms of order two at least [147], and it seems reasonable to disre-
gard them, except in shocks as discussed in Sect. 8.1. Moreover, two situations
(found in DAM applications) are appropriate for disregarding divergent tur-
bulence [173]:

e in an open medium, where the high propagation velocity of sound waves
rapidly exhausts the reservoir of divergent turbulence,

e when the statistical heterogeneities of the medium are assumed to be in
pressure equilibrium, which must result in the cancellation of the divergent
turbulence field (since it is associated with pressure fluctuations).

Thus in many applications, the term p/(u}); in (2.11) can be neglected. But
note that the term (p’u;) ; must be retained, because it is not necessarily zero
for rotational turbulence. It corresponds to the work of the pressure forces
due to the effect of turbulence velocities, and thus produces a diffusive type
term for the turbulent kinetic energy (a Boussinesq—Reynolds closure can be
used) [61, §6.3].




C

Correction of the Input Energy, Kj,
of the Kelvin—Helmholtz Instability
in the “0D” k—e Approach

We will now examine the self-similar diffusion equation of a generic quantity a
(concentration, C*, or transverse velocity, Uy) in a Kelvin—Helmholtz mixing
layer subjected to turbulent diffusion characterized by a parabolic diffusivity
(viscosity) profile over the interval [-L/2,+L/2]:

% a=(rag), (C.1)
with:

a=a(2z/L(t)) = a(§), (C.2a)
vy = 14(0,¢) [1 = (22/L)*] = 1,(0,8) [1—-¢7] , (C.2b)
€ =2z/L(t) € [-1,+1] , (C.2¢)
L(t) = X AUt , (C.2d)

C, K?
v:(0,t) = ¢ o B (C.2¢)

Substituting these expressions into the diffusion equation, elementary calcu-
lations then yield an ordinary differential equation in a(€):

(2vg—1)éad =y [1 - €] d”, (C.3)

where:

4(0,t)t  2¢ C, k |K  (o. 1
vy == — — — _— = ~
0 L2(t) V3o, X VK 30, 204
is a constant coefficient representing the viscosity in the reduced variable &,
the numerical value of which is given here by taking X', K/K7, and k according

to Table 5.1, p. 52, and finally ¢ = 3/2 and o, =~ 1. Equation (C.3) is linear,
of first order in a’, and has separable variables, so the analytic solution is:

(C.4)

o) =ap[1—€7 (C.5)
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For vy = 1/2, or o, =~ 1, the profile of a is thus a straight line, which agrees
well with the hypotheses of the “OD” projection presented in Sect. 4.2 and of
a parabolic profile of v;. For other values, the slope is no longer uniform, but
we can estimate it here by its value at the center, af. The integration constant
a(, is determined by the conditions in the limits on a: if we normalize the total
variation of a over the mixing zone thickness to 1, then:

c ([T et ) T (2v) + 1)
b= ([, b-erte) <R o)

where I" here is the Euler Gamma function (I'[n+1] = n!, when n is integer).

As was discussed in Sect. 5.2, the width of the mixing zone in the KH case
must be defined based on the profile of the velocity U, (not the profile of a*
or C*), and thus we must substitute 1 for o, in the corresponding expressions
of Table 5.1, p. 52 and in K in particular. According to (C.6), the length L.
of the concentration gradient profile at the center of the zone is then expressed

as: L V7 Ilow]

=~ m ~1.25 for o, =.7. (C.7)



D

Turbulent Flux of k£ Expressed
in Two-Fluid Terms

Examining the general expression for the turbulent flux of a per mass quantity
a in (7.5), we see that in order to express the flux pku}, we must estimate the
quantities ¢c*pk. We can reduce these to the turbulent kinetic energies in the
coordinate system of each fluid, c* k=, as defined by (3.10):

cigkzcig( LUt - 2/2
=c Q( i:I:C'jF(SU
=cFokT QuiC:FéU—i—c 0 (CTsU)? /2, (D.1)

where we used relation (3.8). We thus obtain after ensemble averaging:

ctok  ctok*

— —— +(CToU)?/2, (D.2)
cto cto
and after multiplying by u® and ensemble averaging:
:I:
ctoku*t = cFoktut £2 — i C+C ooU . (D.3)
c-o

These two expressions substituted into (7.5) with a = k then lead to (7.7).
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About the Effects of Compressibility
on Closures of Turbulent Fluxes

Boussinesq—Reynolds type closures are appropriate for quantities which, in a
first approximation, are transported by the material and have gradient lengths
larger than the internal scale of turbulence [61,77, §4.7]. For an incompressible
fluid, this would apply to the mass fraction of a pollutant, the momentum,
and the internal energy. Thus the turbulent coefficients of diffusion, viscosity,
and thermal conduction can be introduced, all of which are homogeneous to
[L]?[T])~! and related by Schmidt—Prandtl numbers. However, these closures
must be adapted for DAM applications, which involve the effects of compress-
ibility and shocks (in the latter case, limiters are also necessary) [5,6,139,140].
We shall now examine the example of internal energy.

In a compressible fluid, the internal energy is not a good passive scalar,
because there are exchanges through pressure work. We must then resort to
the entropy, which is affected only by viscosity and thermal diffusion (which
are disregarded here, but could be incorporated). If e = £(v, s) is the equation
of state of the fluid, we define the average values é, p, and T and the associated
fluctuations using the relations:

ée=¢&(v,3), (E.1a)
—p= % (0,8), (E.1b)

L 08|,

T = s v(v,s) (E.1c)
a=a—a. (E.1d)

We then express the turbulent flux of energy as a function of the turbulent
fluxes of mass and entropy in order to apply the Boussinesq—Reynolds closure
to the latter:

o 9,9

oeu] = peu] = T ps"u] —pov’u] + O(2)
m S ~ AT 9y — s ~ A [~ AT e
=—T2oD;(5)i—pui = —0D; (()i +p(v)) —pui, (E.2)
A. Llor: Statistical Hydrodynamic Models for Developed Mizing Instability Flows,

Lect. Notes Phys. 681, 135-136 (2005)
www.springerlink.com © Springer-Verlag Berlin Heidelberg 2005
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where, a priori, D] ~ Df. With the approximations é ~ € and p ~ p valid in
second order, we obtain:

g gDz (@), +7 (07 2 - 7) | (E3)

Compared with the standard Boussinesq—Reynolds closure, there is now a cor-
rective term, often called “adiabatic gradient correction,” which is related to
the work of the pressure forces during turbulent diffusion, and which intro-
duces both the density gradient and the turbulent mass flux.! The modeling
of this latter flux is discussed in Sect. 7.2.

The adiabatic gradient corrections do not seem to have been used for
single-fluid compressible turbulence [60, 63], probably because they provide
only minor corrections in aerodynamic flows. However, they are mandatory
in the presence of shocks: indeed, a weak shock introduces a discontinuous,
but quasi-isentropic, variation in the density, and the adiabatic correction
thus entirely corrects the singularity of the fluxes. For consistency, the set of
closures naturally requires adiabatic corrections for all the quantities modified
by the volume variations, by adapting the pressure p. For example, in the case
of the purely advective part of the turbulent fluxes of k and & (the pressure—
velocity correlations m are excluded), the effective pressures to be applied
in (E.3) are, respectively, 2/3pk and (2C.;/3 + C.3)0¢.

In certain models of mixing flows, corrections of this type have already
been introduced for the turbulent mass flux [13-17]. The effect of the adia-
batic gradient on the “enthalpic production” term of turbulence is not really
perceptible except for the production of k due to shocks [142]: the behavior
of the model seems to be more “suitable,” but at the cost of reduced robust-
ness. However, this term cannot resolve the inconsistency problems of the
dissipative circuit in DAM’s k— model as discussed in Sect. 7.2.

Incidentally, as already noticed [175,176], there does not seem to be any
justification for disregarding the internal energy flux associated with the
“Rayleigh-Taylor production” term puj, as mentioned in item 12 of Sect. 2.3.
However, if we apply the “adiabatic gradient” closure to the turbulent flux of
internal energy, we obtain a term that compensates exactly for pu}, as shown
by formula (E.3).

! This correction for the work of pressure in the turbulent flux of energy appears
to be intuitive in the model of an isentropic atmosphere, where there is a vertical
energy gradient related to the pressure variation: despite the presence of turbulent
motions that mix the gas, entropy remains uniform and thus there should not be
a mean energy flux, which contradicts the classic Boussinesq—Reynolds closure (we
disregard the dissipations and all the phenomena specific to meteorological flows).
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